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NOTATION
L  = (x ,y ,z ) vector q u a n titie s  w il l  be denoted 
by underlining than
r-] L2 or 
^  • X-2
^  X l 2
sc a la r  product of n-j and r.2
vector product o f r-j and jz2
the absolute value of £
^0 index 0 always means un itvecto r
a11 a12 a13 a14a21 a22 a23 a24.
a31 a32 a33 3^4)a41 a42 a43 a44[
sign dependent m atrix -  means depending on 
the sign of a ce rta in  parameter value (u) the 
th ird  or the fourth  row of the matrix w ill  
be taken
£ w ill be used for non equal
n ( t) vector -  sc a la r function
i t s  derivative  by parameter t
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INTRODUCTION

INTRODUCTION
1 .Synthesis of free-form  su rfaces and so lid  m odelling
Today's computer aided design systems employ a range of d if fe re n t  methods fo r 
m o d ellin g  complex e n g in e e rin g  o b je c ts . The d a ta - s t r u c tu r e  c re a te d  by th e  
m o d e llin g  system s makes i t  p o s s ib le  to  v i s u a l i z e  th e  o b je c ts ,  draw t h e i r  
o rth o g o n a l and p e rs p e c t iv e  v iew s, g e n e ra te  to o l- p a th s  fo r  NC m ach in in g , 
analyze th e ir  mechanical and thermodynamical c h a r a c t e r i s t i c s ,  and c a lc u la t e  
t h e i r  g eo m etric  and p h y s ic a l  p ro p e rtie s . Two-dimensional draughting system s 
have obvious l im ita t io n s  for the descrip tion  of 3D shapes. While 3D w irefram e 
m odellers o ffer a g rea te r p o te n tia l in  th is  re sp ec t, the most advanced tech ­
niques, which a re  l ik e ly  to  be basic  in  fu tu re  CAD/CAM systems, are  those  of 
surface  modelling and volum etric modelling.
The two l a t t e r  d i s c ip l i n e s  have u n t i l  r e c e n t ly  been evo lv ing  s e p a r a te ly .  
S c u lp tu re d  s u r fa c e  m odelling  o r ig in a te d  in  th e  e a r ly  s i x t i e s ,  when th e  
th e o re tic a l b asis  of piecew ise param etric surfaces was developed by sev era l 
w orkers in c lu d in g  Coons [23] , Ferguson [33] , and B ezier [4] . V o lu m etric  
modelling s ta r te d  in  the  la te  s ix t ie s  by the  works of Braid [9] , Voelcker 
[79] , Okino [51] and o thers . I n i t i a l ly ,  the only mode of construction  was the  
use of Boolean s e t  opera to rs on simple so lid  p rim itiv e s . The defined o b je c ts  
w ere u su a lly  bounded by s im p le  a n a ly t ic a l  s u r fa c e s  (p lanes,and  q u a d ric s )  
described by im p lic i t  equations.
Because of the d iffe ren ce  in  m athematical surface form ulation, the two types 
of system  developed la r g e ly  in d ep en d en tly . W hile p a ra m e tr ic  e q u a tio n s  a re  
generally  used to  define  bounded curve segments and surface regions, im p lic i t
-  11
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e q u a tio n s  su g g est th e  use of i n f i n i t e  h a lf - s p a c e s . D if f e re n t  m a th em a tica l, 
a lgorithm ic and computational methods were applied; d if fe re n t  design methods 
and user in te rfa c e s  were created.
By the la te  sev en ties , both d is c ip lin e s  had s ig n if ic a n tly  advanced and many 
com m ercial sy s tem s w ere re le a s e d . At th e  same tim e  i t  was reco g n ised  th a t  
th e re  a re  many defic iences in  both areas and th a t  many ap p lica tio n s requ ire  
the simultaneous use of both techniques. Sculptured surface  design systems had 
d i f f i c u l t i e s  i n  h a n d lin g  to p o lo g y ,  in  d e f in in g  com posite  s u r fa c e s , 
in c o rp o ra tin g  i m p l i c i t  su rfa ce  ty p e s  and in  c re a t in g  c lo se d  o b je c ts .  S o lid  
modelling systems were not able to  describe free-form  shapes, except by means 
of co a rse  a p p ro x im atio n s . They a ls o  faced  th e  problem  of a c c u ra te ly  
representing  in te rse c tio n  curves, and blending su rfaces, e tc ., which cannot be 
defined by simple a n a ly tic  equations.
From the early  e ig h tie s , in tensive  research  work has been d irec ted  towards the  
in te g ra t io n  of f re e - fo rm  and s o l id  geom etry. There a re  many geom etric  
modelling p ro je c ts , which attack  th e  problem. Ju s t a sh o rt l i s t  of them, known 
to  th e  a u th o r , and re fe re n c e s  a re  g iven  h e re : ALPHA-1 [21], [22]; BUILD [15],
[1] ; CATIA [3] ;COMPAC [66] , EUCLID [67]; EUKLID [31]; GBOMOD [44];GMSOLID 
[8] , MODIF/GBOMAP [41] ,[20], [45]; MEDUSA [37];ROMULUS [6] , [58]; REMUS [77] ; 
SYNTRAVISION [38]; TIPS [52]; IROREN [27]; UNIBLOCK [50]. D e ta ils  can be found 
in  the a r t ic le  of P ra t t  and Varady [55].
Some s ig n i f i c a n t  r e s u l t s  have been  p u b lish ed . N e v e rth e le ss  many q u e s tio n s  
s t i l l  rem ain . In  m ost cases to  av o id  problem s a c e r t a in  compromise must be 
made, which r e s u l t s  in  t ig h t  l im i t a t i o n s  on th e  user of th e se  advanced 
m odellers.
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Some examples a re  given as follow s:
-  New methods have been developed fo r  c r e a t in g  f re e -fo rm  s o l id s ,  b u t 
these cannot be combined using se t  opera tions in  a general way.
-  Certain free-form  f a c i l i t i e s  a re  a v a ila b le  in  the m odeller, but these  
a re  in su ff ic ie n t to  represen t geom etrically  complex ob jec ts .
-  The used surface type i s  appropria te  for describ ing complex geometry 
(high degree p o ly n o m ia ls ,an d  r a t i o n a l  f u n c t i o n s ) ,  b u t  t h e r e  a r e  
re s tr ic tio n s  for combining them, for example, free-form  su rface-su rface  
in te rsec tio n  i s  not perm itted , or the computation tim e i s  unacceptable.
-  The su r fa c e s  a re  re p re se n te d  on ly  ap p ro x im ate ly  in  fa c e te d  fo rm , 
consequen tly  th e  d i f f i c u l t  i n te r s e c t io n  problem  i s  avo ided , bu t th e  
da tastru c tu re  may become inaccurate , sometimes in co n sis ten t.
-  The su rfaces a re  accurately  represen ted , but the model, including the  
e d g e -c u rv e s  a r e  i m p l i c i t l y  d e f in e d ,  th u s  a t  each  e v a l u a t i o n ,  
com putationally expensive, mostly num erical procedures must be applied.
The above l is te d  geom etric modelling system s, according to  the l a t e s t  in fo r­
mation known to  the  author, su ffe r from one or more of these "diseases". The 
BUILD p ro je c t  (Cambridge U n iv e rs ity  E ng ineering  D epartm ent) adopted  a 
compromise on the se le c tio n  of the surface type, but ra ised  high requirem ents 
on th e  generality  of the so lu tion .
A new free -fo rm  cu rve  and su rfa c e  re p re s e n ta t io n  ca lled  double-quadratics 
(hereafter abbreviated to  dq-s) was chosen. The dq-s not only have mathematical 
and computational b e n e fits , but a lso  s u f f ic ie n t  freedom in  making the fre e ­
form contra so lid  syn thesis  f lex ib le .
INTRODUCTION
The b a s ic  idea of d o u b le -q u a d ra tic s  i s  t h a t  in s te a d  o f a cu b ic  b lend ing  
fu n c tio n , two jo in in g  p a ra m e tr ic  q u a d ra t ic s  a re  used. In t h i s  way, a 
s u f f ic ie n t  degree of freedom for designing a wide range of engineering ob jec ts 
i s  p rese rv ed , and s ig n i f i c a n t  co m p u ta tio n a l e f f ic ie n c y  i s  ga in ed , which 
com pensates fo r  th e  lo s s  of in te r n a l  c u rv a tu re  c o n tin u i ty .  The geom etric  
in te rroga tions of dq-curves and su rfaces can be solved m ostly by an a ly tic  and 
sim ple numerical methods. Comparing th is  to  other surface types, th is  leads to  
robust and e f f ic ie n t  procedures, a p p ro p r ia te  fo r  b u ild in g  s o l id s  bounded by 
free-form  elements a s  well.
BUILD uses a fu lly  evaluated boundary rep resen ta tion . The edge curves, which 
l i e  on the su rface-su rface  in te rse c tio n  curves are  a lso  e x p lic i t ly  stored. If  
these cannot be described  by sim ple an a ly tic  equations, a very accurate free ­
form app rox im ating  cu rve , i .e .  a dq -cu rve  i s  g en era ted . I t  i s  f i t t e d  using  a 
sp ec ia l technique, and i t s  accuracy can be con tro lled  by the  to lerance of the 
model.
The g r e a te s t  power o f the  BUILD d q -im p lem en ta tio n  i s  t h a t  th e  fre e -fo rm  
geom etry i s  hand led  e x a c tly  in  th e  same way as th e  c o n v en tio n a l one. 
Therefore, once free-fo rm  surfaces have been incorporated in to  so lid  models, 
no d i s t in c t io n  i s  made a f te rw a rd s , fo r  exam ple, a r b i t r a r y  two s o l id s  w ith  
f re e -fo rm  faces can  be added to g e th e r .  A ll BUILD o p e ra tio n s  a re  extended to  
s o l id s  bounded by d o u b le -q u a d ra tic  e lem en ts . This t h e s i s  d is c u s se s  the  
computational geometry side of the  syn thesis , what problems need to  be solved 
for ensuring the uniform ity  of free-form  and conventional elem ents, and how 
the double-quadratic curves and surfaces were incorporated in to  BUILD.
-  14
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2. Free-form su rfaces in  engineering design
The use of f re e - fo rm  s u r fa c e s  in  p r a c t i c a l  e n g in e e r in g  design  can  be 
categorised  in to  four types from the user's po in t of view, as was suggested by 
M.J. P ra tt  and the  author in  [55]. These a re , in  order of increasing  degree of 
geom etric c o n s tra in ts  on the surface being designed:
(i) A esthetic  surfaces
( i i)  G eneralised duct surfaces
( i i i )  Blends and f i l l e t s
(iv) Functional or f i t t e d  surfaces
The d is tin c tio n s  a re  by no means c le a r-c u t, and in  many cases some overlap  may 
occur.
In th e  case  of a e s th e t i c  s u r f a c e s ,  appearence i s  th e  m ain c r i t e r i o n  fo r  
a c c e p ta b i l i ty .  O ften  th e re  a re  few p re c is e  geom etric  c o n s t r a in ts  from  th e  
p o in t  of view of f u n c t io n a l i ty  of what i s  be ing  designed . During th e  d e s ig n  
p ro c e ss , m o d if ic a t io n s  a re  made u n t i l  th e  appearence i s  a c c e p ta b le  to  th e  
designer. Examples include many p la s tic  mouldings such as casings of household 
e le c tr ic a l  ap p lian ces .
G eneralised duct su rfaces a re  surfaces, which are sub ject to  more geom etric 
c o n s tra in ts , usually  a t  th e ir  boundaries. Often the p rec ise  sp e c if ic a tio n  of 
the  surface i s  of no g rea t importance, provided th a t i t  g ives a smooth blend 
between the sp ec ified  boundary conditions, and th a t i t s  gross c h a ra c te r is t ic s  
a re  under the designer's  con tro l. Examples include many automotive components 
such as suspension arms, exhaust manifolds and other types of ducting.
INTRODUCTION
B lends and f i l l e t s  a re  re q u ire d  to  p rov ide  smooth t r a n s i t i o n s  betw een 
ne ighbouring  p re v io u s ly  d e fin e d  o b je c t  f a c e s .I n  t h i s  case , th e  geom etric  
c o n s t r a in ts  a re  c l e a r l y  g r e a te r .  The d esig n er may w ish to  have c o n tro l over 
the e x p lic i t  rep resen ta tio n  of th e  f i l l e t  su rface , in  which case he w ill  have 
to  provide some sm all amount of inform ation to  supplement the requirem ents fo r 
tangency with the faces being blended. A lterna tive ly , he may wish to  model the  
f i l l e t  e x p lic it ly , but w ill  simply labe l an ob jec t edge as being blended. Many 
general engineering ob jec ts e x h ib it blends and f i l l e t s  of the kind described, 
and th ey  are  p a r t i c u l a r l y  u se fu l in  th e  d esig n  of m ouldings, c a s t in g s  and 
fo rg in g s.
The fou rth  c lass of surfaces i s  th a t  of functional or f i t t e d  surfaces. Here a 
h igh  degree  of g e o m e tric  c o n s t r a in t  i s  a p p lie d  to  th e  s u r fa c e  a s  a w hole, 
which i s  usually f i t t e d  to  a la rg e  number of measured or precomputed po in ts . 
Examples include tu rb in e  blades and the  aerodynamic surfaces of a i r c r a f t s ;  in  
both cases, the su rfaces are o r ig in a lly  defined by reference to  physical laws, 
and must sa tis fy  c e r ta in  op tim ality  c r i te r ia .  D eviations from the  co n s tra in ts  
im posed w i l l  lead  to  lo s s  of perfo rm ance. F i t t e d  su r fa c e s  a r e  a ls o  w ide ly  
used in  the autom otive industry fo r specifying car body shapes. These might be 
th o u g h t to  be of 'a e s th e t i c ' v a r i e ty ,  but in  m ost com panies th e  a e s th e t ic  
c r i t e r i a  a re  im posed during  th e  c re a t io n  of a c la y  m odel, from which 
subsequently d ig it is e d  poin ts a re  used in  the generation  of a 'f i t t e d ' surface.
-  16 -
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3 . The BUILD., geometric m odeller and i t s  f re e - to rn  f a c i l i t i e s
To be a b le  to  f u l ly  u n d ers tan d  th e  s ig n i f ic a n c e  of th e  fo llo w in g  c h a p te r s ,  
f i r s t  the so lid  modelling background and the  design techniques for c rea tin g  
free-form  so lid s  must be presented.
The BUILD g eo m e tric  m o d elle r (Cambridge U niversity  Engineering Department) 
r e p re s e n ts  one of the  b a s ic  approaches in  s o l id  m o d ellin g  [1] , [15]. A ll 
topological and geom etrical inform ation concerning the  boundary of the  ob jec t 
i s  s to re d  in  th e  s o -c a l le d  boundary r e p re s e n ta t io n .  The l in k s  betw een th e  
v e r t i c e s ,  edges and fa c e s  a re  s to re d , to g e th e r  w ith  th e  e q u a tio n s  o f cu rv es  
and s u r fa c e s  on which th e  edges and fa c e s  l i e . I n  t h i s  case, the  " h is to ry "  of 
th e  o b je c t  cannot be deduced from the  d a ta - s t r u c tu r e ,  bu t a l l  th e  n e c e ssa ry  
boundary data i s  a t  hand for subsequent ap p lica tio n s .
I t  m ust be n o te d  t h a t  th e  o th e r  a p p ro a c h , th e  s o - c a l l e d  CSG 
(Constructive Solid Geometry) faces problems in  incorporating free-fo rm  
geometry, which conventionally requ ires the  use of bounded su rfaces. CSG 
m odellers rep resen t the  ob jec ts in  nonevaluated form by a t re e -s tru c tu re , 
whose le a v e s  a re  v o lu m e tric  p r im i t iv e s ,  o f te n  exp ressed  in  te rm s  of 
in f in i te  ha lf-spaces and whose nodes are  the Boolean operations performed 
on them. Thus e i th e r  th e  b a s ic  CSG h a lf - s p a c e  concep t or th e  co n cep t of 
the bounded param etric surfaces must be extended.
17 -
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The ob jec ts in  BUILD-4 can be bounded by s tra ig h t  l in e s ,  conic segments, dq- 
cu rv es , p la n e s , g e n e ra l q u a d ric s  and d q -su rfa c e s . S ta r t in g  from p r im i t iv e  
so lid s such as b locks, cy linders, cones, and spheres, e tc ., the ob jec ts can be 
m odified  by t r a n s l a t i o n ,  r o t a t io n  and s c a l in g , and a f te rw a rd s  combined by 
s e t-o p e ra t io n s  -  "or" (add), " a n d " ," d if fe r ence" ( s u b tr a c t ) ,  and "negate". 
BUILD-4 has q u i t e  a wide range of lo c a l  o p e ra tio n s  [42], which p rov ide  a 
means of making d irec te d  changes to  objects. These preserve topological and 
geometric consistency, moreover avoid the expense of the global access to  the 
e n tire  p a rt of the model th a t i s  necessary in Boolean se t operations. Examples 
of such local opera tions are the blending or chamfering of edges, the glueing 
together of two juxtaposed faces, and the se ttin g  of a "draught angle" on the 
v e r t ic a l  faces of an object, which i s  to  be manufactured by a casting  process, 
e tc .
The BUILD group have made many s ig n i f i c a n t  c o n tr ib u t io n s  n o t only to  th e  
p rin c ip le s  and basic  theory of geom etric modelling [9 ], [11], [12], but a lso  
to  th e  p r a c t i c a l  a p p lic a t io n  s id e  of t h i s  tech n iq u e  in  th e  a re a  of f i n i t e -  
-e lem en t mesh g e n e ra tio n  [80], au to m a tic  NC to o l-p a th  g e n e ra tio n  [53] , 
dimensioning and to lerancing  [13], and fea tu re-recogn ition  [46], e tc .
There i s  a subsystem  in  BUILD-4 c a l le d  "design dq", fo r d e f in in g  fre e -fo rm  
e lem en ts. F ree-fo rm  su rfa c e s  can be c re a te d  by d q - in te r p o la t io n  or by 
q u a d ra t ic  B -sp lin e  app rox im ation  [69] ,[75]. (In bo th  cases  d q -p a tch es  a re  
d e fin ed  in te r n a l ly . )  In many p r a c t i c a l  a p p l ic a t io n s ,  su r fa c e s  a re  designed 
based on curves or c u rv e -n e tw o rk s , s im p lify in g  th e  whole d esig n  procedure. 
W ell-know n t e c h n iq u e s  such  a s  "sweeping" ( t r a n s la t io n )  or "sw inging" 
(rotation) a free-form  p ro file  or crea ting  a surface blended through a se t of
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s e c t io n  cu rves a re  a ls o  a v a i la b le  in  th e  cou rse  of a "design  dq" s e s s io n . 
Final local adjustm ent of the patches can be made by modifying the p o sitio n  
and th e  tan g e n t v e c to rs  of the  su rfa c e  g r id . The r e s u l t  of th e  "d es ig n  dq" 
session  is  an open or closed (at most one boundary) free-form  su rface , ready 
for fu rther use, th a t i s  to  be incorporated in to  a so lid  model.
A se t of recommended opera tions for syn the tiz ing  free-form  surfaces and so lid  
geometry are described in  the a r t ic le  of P ra tt  and Varady [55], Here only the 
most im p o rtan t c a te g o r ie s  w i l l  be o u t l in e d . These o p e ra tio n s  a re  under 
developm ent in  BUILD. The f i r s t  two groups a re  com plete , th e  " in s e r t  a new 
face" and th e  "rubber o b je c t"  o p e ra tio n s  to g e th e r  w ith  a l im i te d  s u b s e t  of 
autom atic blending are  planned to  be completed in  the near fu tu re .
1. Surface - s o lid  operations
Two operands -  a f re e - fo rm  su rface  and a p re v io u s ly  designed  s o l id  -  a re  
given. The re s u l t  i s  a new so lid  w ith one or more faces ly ing  on the surface. 
Examples for these operations are  shown in  Fig.3.1. "SECTIONING" (b) c u ts  o ff 
a ce rta in  p a rt of the so lid , "SETSURF" (c) rep laces the geometry of a se lec ted  
face  by the  fre e -fo rm  s u r fa c e , and "ADDSURF" (d) does th e  same, b u t only 
"above" the se lec ted  face.
2. Free-form prim itives
An open or c lo se d  f re e - fo rm  su rfa c e  i s  g iven . Adding s t r a ig h tfo rw a rd  
geom etrical and topo log ical e n t i t ie s  according to  d if fe re n t ru le s , p rim itiv e  
so lid s  can be created. Typical examples a re  the follow ing as shown in  Fig.3.2. 
A DQPRISM (a) i s  c re a te d  by p ro je c tin g  th e  f re e -fo rm  su rfa c e  on to  an o th e r 
s u r fa c e , and a DQCYLINDER (b) by adding  e n d -fa c e s  to  a c lo sed  f re e - fo rm  
surface. A DQOFFSET (d) so lid  i s  made by thickening the free-form  su rface .
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3 .  " In se rt a new face" operation
A s o l id  i s  g iven . S p ec ify in g  c o n s t r a in t s  fo r  th e  co rner p o in ts  and th e  
boundaries of a su rface , a new -  m ostly four sided -  face can be added. Either 
p o s i t io n a l  or t a n g e n t ia l  c o n tin u i ty  can be s p e c i f ie d  a c ro s s  th e  su rfa c e  
boundaries in  respec t to  the e x is tin g  faces. The in te r io r  of the surface can 
be a lte re d  as needed. The topology of the so lid  i s  lo ca lly  changed depending 
on the position  of the  boundaries and th e ir  tangency. (See Fig. 3.3.)
4. "Rubber object" operations
C e rta in  p a r ts  of th e  s o l id  -  s p e c i f ie d  by to p o lo g ic a l  e n t i t i e s ,  such as 
v e r tic e s , edges, edge-loops, and faces -  can be converted to  be e la s t ic  w ith 
or w ith o u t c o n s t r a in ts  concern ing  th e  d eg rees  of freedom fo r  an e l a s t i c  
d e fo rm a tio n . As shown in  F ig .3 .4 , th e  e l a s t i c  p ie c e s  can be m od ified  or 
redesigned by using free-form  design techniques, while preserving the  topology 
of the o rig ina l so lid .
5. Blending operations
This operation i s  of major importance in  engineering design. I t  may be needed 
fo r  a e s th e t i c  re a so n s , to  en su re  m a c h in a b il i ty  along concave edges or to  
ensure desirab le  mechanical p ro p erties . Blending re s u lts  in  smooth tra n s it io n  
surfaces between fac es , replacing sharp corners and edges of the given so lid . 
I t  can be "su p erfic ia l"  named by Braid in  [14], i.e . the blends a re  only glued 
to  th e  body, or to p o lo g ic a l ,  when th e  b len d s g e t  ev a lu a ted  and im ply lo c a l  
changes in  the boundary d a ta s tru c tu re  (see Fig. 3.5 and 3.6).
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INTRODUCTION
T here i s  a g e n e ra l g eo m e tric  in te r f a c e  in  BUILD fo r  a l l  p o s s ib le  g eo m e tric  
in te rro g a tio n s and in te rse c tio n s  of a l l  curves and su rfaces. All Boolean se t  
o p e ra t io n s , lo c a l  o p e ra tio n s  and th e  above s p e c ia l  f re e -fo rm  vs. s o l id  
operations are implemented purely in  term s of generalised  p o in ts , curves and 
su rfaces. This holds fo r the graphic subsystem, the  NC processor, the f i n i t e — 
elem en t g e n e ra to r , e tc . ,  a s  w e ll .  A ll d e ta i l e d  knowledge of th e  a c tu a l  
r e p re s e n ta t io n s  used and t h e i r  p r o p e r t ie s  i s  con fined  to  a c e n t r a l i s e d  
"geometric package". Thus, for example, where a pa ir of faces are  in te rse c ted  
d u rin g  a s e t -o p e ra t io n  on two o b je c ts ,  th e  a lg o r ith m  to  p ro c e ss  th e  r e s u l t  
d e a ls  in  a g en e ra l manner w ith  a s e t  of in te r s e c t io n  c u rv e s , r a th e r  th an  
examining the two surfaces involved, discovering th a t maybe they are planar 
and using p roperties sp e c if ic  to  s tra ig h t  l in e  in te rse c tio n  curves.
In th i s  way, new curve and surface types can be gradually  introduced by adding 
th e  necessa ry  r o u t in e s  to  th e  c e n t r a l i s e d  g eo m etric  package, avo id ing  th e  
necessary comprehensive rew riting  of the e n tire  programme a t  every stage. This 
ap p lies  in  the case of the double-quadratic curves and surfaces.
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4. Content of the th e s is
T his th e s i s  i s  a r e s u l t  of th e  re s e a rc h  work conducted in  th e  M echanical 
Engineering Automation D ivision of the Computer and Automation In s t i tu te  of 
th e  Hungarian Academy of S c iences in  th e  p e rio d  betw een 197 6 and 1984. The 
research on the free-form  vs. so lid  sy n th esis , the in te rro g a tio n  algorithm s 
and the  ac tual implementation of the double-quadratic softw are in  BUILD were 
c a r r ie d  ou t d u rin g  th e  a u th o r 's  v i s i t s  to  th e  BUILD Group a t  th e  Cambridge 
U niversity  Engineering Department in  the spring  of 1982 and in  the academic 
year of 1983/84.
T his th e s i s  o b v io u sly  cannot cover a l l  th e  th e o r e t i c a l  and c o m p u ta tio n a l 
problems, w hich  had to  be s o lv e d  to  accomplish the p ro jec t. Only a sm all 
p a rt was elaborated  by the author, and only a p a rt of th is  i s  discussed here. 
The double-quadratic curve and surface design methods, the  algorithm s of the 
fre e -fo rm  vs. s o l id  s y n th e s is  and some o th e r  to p ic s  m ust be n e g le c te d , in  
o rder to  focus on th e  main p o in ts  of t h i s  t h e s i s ,  th a t  i s  th e  problem s and 
r e a l i z a t i o n  of th e  geom etric  a lg o r ith m s  fo r  th e  p re v io u s ly  d e sc r ib e d  
cen tra lized  geom etric package in  BUILD.
B asica lly , th is  th e s is  co n sis ts  of four independent essays (Chapter I I ,  I I I ,  
IV, V), each of them can s tan d  by th em se lv es  and cover one w e ll-d e f in e d  
problem . (This le d  to  some o v e rla p s  a t  c e r t a in  p la c e s . The f ig u re s  and th e  
mathematical form ulas are  a lso  numbered by chapters.) The common roo t i s  th a t  
each of them d is c u s s e s  co m p u ta tio n a l geom etry  problem s r e l a te d  to  doub le- 
- q u a d ra t ic s .  A fte r th e  in tro d u c to ry  c h a p te r , which d e f in e s  and d e s c r ib e s  
double-quadratic curves and su rfaces, so lid  m odelling problems a re  presented.
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Based on the ir m athem atical background, new algorithm s are  described together 
w ith  th e i r  a d v an tag es  and d isa d v an tag e s  compared to  th e  o th e r  m ethods 
p u b lish e d  in  l i t e r a t u r e .  The co m p u ta tio n a l a s p e c ts  a re  a ls o  focused  on 
throughout the th e s is .
In Chapter II  the  b a s ic  equations and the  most im portant geom etric p ro p ertie s  
of d o u b le -q u a d ra tic s  a re  p re se n te d . The d o u b le -q u a d ra tic  cu rve  and su r fa c e  
c l a s s ,  as i t  i s  s t a t e d  here  i s  my own " in v en tio n " . The p re se n te d  g eo m etric  
inv e tig a tio n s can be s im ila r to  those of other s o r ts  of curves and surfaces.
In  Chapter I I I  th e  g eo m etric  in te r r o g a t io n s  and in te r s e c t io n s  of do u b le- 
-q u ad ra tic s  are d iscussed . Apart from the sim p lest global t e s t s  and geometric 
in te rrogations th e se  algorithm s a re  the r e s u l t  of my own research  work.
In  Chapter IV a v o lu m e tr ic  m o d e lle r o r ie n te d  c u r v e - f i t t i n g  a lg o rith m  i s  
p re se n te d , which u se s  dq -cu rves. In  Chapter V th e  problem  of v is u a l iz in g  
free-form  solids i s  tackled. An algorithm  i s  given for generating s ilh o u e tte  
c u rv e s  of d o u b le -q u a d ra tic  s u r fa c e s . The c u r v e - f i t t i n g  and th e  s i lh o u e t te  
algorithm s are a ls o  my own research  developments.
In  Chapter VI a c o n c lu s io n  i s  drawn. A fte r sum m arizing th e  r e s u l t s  some 
p ra c t ic a l ,  mechanical engineering ob jec ts are  shown to  i l l u s t r a t e  the design 
f a c i l i t i e s  of the BUILD free-form  modelling. Suggestions for fu rth e r work a re  
a lso  given.
The l i s t  of re fe ren ces and fig u res  conclude the th e s is .
The p ic tu re s  of th e  s o l id  o b je c ts  in  t h i s  d i s s e r t a t i o n  w ere a l l  drawn w ith  
lo c a l hidden-line removal by the BUILD geometric m odeller.
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BASIC EQUATIONS AND SIMPLE GEOMETRIC PROPERTIES 
OF DOUBLE-QUADRATIC CURVE SEGMENTS AND SURFACE PATCHES
29

BASIC EQUATIONS
1. Introduction
The use of piecew ise param etric equations in  computer aided geometric design 
was f i r s t  introduced by Ferguson [33]. Since then the m athem atical theory of 
free-form  curve segments and surface patches was thoroughly elaborated in  the  
works of Coons [22], B ezier [4] , F o r re s t  [34], Sabin [59], [61] and o th e r s .  
S evera l d i f f e r e n t  com posite  d esig n  tec h n iq u e s  were developed , w e ll known 
examples a re  the sp lin e , Bezier, and B -spline, e tc ., curves and surfaces [24], 
[49] , [5] , [39] ).
A la rg e  p a r t  of th e  e x is t in g  com m ercial and re se a rc h  sc u lp tu re d  s u r f a c e  
systems uses cubic equations. This i s  mainly due to  the  fundamental fe a tu re  
of c u b ic s , t h a t  th ey  have s u f f i c i e n t  freedom  to  design  complex e n g in e e rin g  
shapes. In  th e  e q u a tio n  of a cub ic  curve segm ent, th e r e  a re  four v e c to r  
c o e ff ic ien ts . A convenient way to  describe th is  segment i s  to  supply the two 
en d p o in ts  and th e  two tan g e n t v e c to rs  th e r e ,  which u n iq e ly  d e fin e  a l l  fo u r 
v ec to r c o e f f i c i e n t s .  Another c h a r a c t e r i s t i c  f e a tu re  of cu b ics  i s  t h a t  
curvature co n tin u ity  i s  ensured w ith in  a segment.
C onsidering  s u r fa c e  d e f in i t i o n s , th e s e  a re  most f r e q u e n t ly  based on th e  
sim p lified  version  of Coons's patches, the bicubic tensor product patches 
[32], since the corner poin ts and the tangent vectors along th e  boundaries can 
be blended in  a convenient and s tra igh tfo rw ard  way by cubic polynomials. (Four 
tw is t  v e c to r s  m ust a ls o  be added to  make th e  given 16 v e c to r  c o e f f i c i e n t s  
fu lly  constrained .)
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Many re s e a rc h e rs  a l s o  in v e s t ig a te d  the  p ro p e rtie s  of param etric q u ad ra tic s , 
see fo r example th e  quadra tic  Bezier and B^spline curves. Due to  the lack of 
design freedom they were generally  neglected in  p ra c tic a l  design systems. Only 
a l im ite d  ap p lica tio n  of them has been published, as ou tlined  here. In 1975, 
C haik in  proposed a f a s t  a lg o rith m  fo r h ig h -sp eed  curve g e n e ra tio n  in  [18], 
L a te r i t  was proven ( [57], [35]), th a t  th e  a lg o r ith m  d e fin e s  q u a d ra t ic  B- 
s p l in e s .  That te c h n iq u e  was g e n e ra lis e d  to  th e  re c u rs iv e  su b d iv is io n  
a lgorithm s for smoothing down ir re g u la r ly  shaped polyhedrons as discussed in  
Sabin and Doo's papers [29], [30], S ta rtin g  from the  approximating polyhedron, 
th is  method generated a se t of quadra tic  B^spline patches. Where non-four- 
s id e d  reg ions w ere form ed, th e  su b d iv is io n  m ust have been re p e a te d , which 
e v e n tu a lly  converged to  a sm ooth, Cl con tinuous su r fa c e . (A new th e o r e t i c a l  
r e s u l t  by Sabin i s  th a t  instead  of performing subdiv isions, the 3 and 5 sided 
regions can be rep laced  e x p lic i t ly  by 3 and 5 sided patches, which smoothly 
jo in  th e  surrounding ones [63].) This subdivision concept was implemented in  
the REMUS system [77 ],however, i t  turned out th a t  the object d e fin itio n  based 
on th i s  approximating scheme i s  q u ite  d i f f ic u l t  from an engineering po in t of 
view  [78].
Returning to  cubics -  in sp ite  of the  previously mentioned a t t r a c t iv e  fea tu re s , 
many d i f f i c u l t i e s  a r i s e  when th e  com putation  of d i f f e r e n t  g e o m e tr ic a l 
p ro p e r t ie s ,  in te r s e c t io n s  w ith  o th e r  g eo m etric  e le m e n ts , e tc .,  a re  needed, 
how ever, in  f a c t ,  th e se  a re  th e  most f re q u e n t ta s k s  in  com puter a id ed  
g e o m e tric  design . G e n e ra lly , c o m p u ta tio n a lly  expensive , no t very  ro b u s t ,  
i te r a t iv e  methods must be used. And here comes th e  idea of double-quadratics. 
Using two jo in ing  param etric  qu ad ra tic  equations in stead  of the cubic one, the 
complexity, smoothness and the degrees of freedom of cubics can be re ta ined .
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M oreover, reducing  th e  degree  of th e  used p o ly n o m ia ls  , s i g n i f i c a n t  
com putational e ffic iency  can be gained together w ith other p ro p ertie s , which 
emerged la te r  when cubics and double-quadratics were compared.
The " lo ss"  i s  c u rv a tu re  c o n tin u i ty ,  w hich i s  no t n e c e s s a r i ly  needed in  th e  
la rge  m a jo r ity  of e n g in e e rin g  a p p lic a t io n s .  The s im p le s t  example i s  an 
"engineering" p iece, where a plane and a c y lin d rica l su rface  meet each o ther, 
o b v io u sly  w ith  c u rv a tu re  d is c o n t in u i ty .  Another argument, however, i s  th a t  
cubics or the higher order polynomials ensure in te rn a l curvature co n tin u ity , 
in  most design systems, only tan g en tia l or normal con tinu ity  are  s a t is f ie d ,  
when the neighbouring patches a re  a c tu a lly  jo ined together.
T h e re fo re , i t  was f e l t  t h a t  d o u b le -q u a d ra tic s  rep resen t a good compromise 
between design freedom and com putational s im p lic i ty .  F u rth e r  in v e s t ig a t io n s  
w ere i n i t i a t e d  in  th e  sense  th a t  no t q u a d ra t ic s  and c u b ic s , bu t do u b le- 
-q u ad ra tic s  and cubics were compared w ith  each o ther. This "double-thinking" , 
according to  the au thor's best knowledge, has not been used in  computer aided 
g e o m e tric  d es ig n . The only s im ila r  method was th e  use of b ia rc  cu rv es  fo r  
c u rv e - f it t in g  [7]. Now, th e re  i s  a successor of the  double-quadratic patches 
-  th e  s o - c a l le d  double -c y c l id e s ,  d e sc r ib e d  by dePont in  h is  r e c e n t  t h e s i s  
[25] .
Double-quadratics (hereafter abbreviated to dq-s) were first tested in January 
1981, as a part of the FFS (Free-Form Shapes) system [68], [36]. Since that 
time, a large project started in the BUILD geometric modelling Group, 
Cambridge University Engineering Department for integrating free-form 
surfaces into volumetric modelling. BUILD facilitates the design of complex
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free-form  so lid s bounded by double-quadratic su rfaces beside the conventional 
p lanar and quadric ones. D e ta ils  can be found in  [43],
In  t h i s  chapter, th e  w ell-know n m ethods of c re a t in g  com posite  cu rv es  and 
s u r fa c e s  a re  not d is c u s se d . I t  i s  b e le iv e d  th a t  th e r e  i s  no s in g le  b e s t 
technique for c rea tin g  free-form  shapes, and d if fe re n t  app lica tions may need 
d if fe re n t  methods, d i f f e re n t  in te rp o la tin g  or approximating schemes. A wide 
v a r ie ty  of them a re  d e sc r ib e d  in  F a u x -P ra t t 's  book [32] . Design w ith  dq -s 
means th a t the basic  c o n s titu tin g  p ieces are dq-elements. In th is  in troductory  
chapter we focus on th e  basic  equations of double-quadratic curve segments and 
su rface  patches together w ith some sim ple p roperties around them.
2 . The a 5 .uati.0 iL .of  a double-quadratic  curve segment
Given a curve segment, defined by i t s  endpoints xA, Xg and tangent vecto rs x^, 
Xg, i t s  param etric d e sc rip tio n  can be in te rp re ted , th a t  the curve rep resen ts 
th e  p a th  of a moving p o in t ,  which ru n s from x_A to  x.gr a s  th e  p aram eter va lue  
ru n s  a long  th e  p a ra m e tr ic  in te r v a l .  The tan g en t v e c to rs  d e te rm in e  th e  
d ire c tio n  and a lso  th e  v e lo c ity  of the motion a t  the endpoints.
Figure 2 .1 .
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Since cubics and double-quadratics a re  very s im ila r to  each o ther, f i r s t  l e t  
us see  how a p a ra m e tr ic  cub ic  eq u a tio n  can s a t i s f y  th e  above boundary 
conditions. I t  i s  given in  the form of:
where aq , i  = 0 ,1 ,2 ,3  a re  th e  v ec to r c o e f f i c i e n t s  o f th e  e q u a tio n , u i s  th e  
p a ram ete r. U sually  th e  param eter v a lu e s  u=0 and u=l a re  a ss ig n e d  to  th e  
e n d p o in ts , w ith  0 < u < 1 in  betw een. The shape of th e  cub ic  segm ent i s  
uniquely defined by the above four independent vector q u a n ti t ie s , s in ce  four 
degrees of freedom are a v a ilab le .
S a tisfy ing  the  end conditions, the follow ing system of four equations can be 
obtained:
%  + 2 ^ 2  + 3^3 = iß
Solving th is  for &q , aq, &2' ^3 th 0  follow ing expressions are  obtained:
* 0  =
( 2 . 1)
(2 . 2)
^ 0  " ^A
+ a 2  + ^3 = Lq
a - 1 =
(2.3)
* 1  = ^A
^ • 2  = 3   ^ ” -^ -A )
a .3  = 2  ( I a -  Iß  ) + Í a + Í b
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For co m p u ta tio n a l pu rposes g e n e ra l ly  th e  w ell-know n b len d in g  fu n c tio n  
formalism i s  used [32]. The blending functions ensure the appearence and the 
d isap p earen ce  of th e  g iven  p o s i t io n a l  and ta n g e n t ia l  c o n s t r a in ts  as th e  
param etric variab le  runs along the  param etric  in te rv a l. I f  the fg , f^ , g g ,  g^ 
blending functions s a t is fy  the fo llow ing  conditions
f 0(0) = 1, f 0 (l) = 0, f^O) = 0, ^ (1) = 1,
(2.4) f 0 '(0) = f 0 *(l) = f i '( 0 )  = f i ( l )  = 0,
g0(°) = g0d) = 9i (0) = 9i (l) =■ o,
g0' (0 ) = i f  g0 ' (l) = 0 , g 1 , ( 0 ) = u ,  ' (1 ) = l
then the above sp e c if ie d  curve-segment can be w ritte n  in  the  follow ing form:
(2.5) jl(u) = x& fo(u) + Lq f x (u) + x& g(u ) 0  + i ß  9 i(u) •
In the cubic case, fo r example:
f 0  (u) = 1 -  3u2  + 2u3
(2 . 6 ) f i(u )  = 3u2  -  2 u3  
gg(u) = u -  2 u2  + u3  
9i(u ) = -u 2  + u3
This leads us to  th e  commonly used m atrix-equation of cubic segments:
(2.7) X. = II £  S. 
where
LL = [ 1  u u2  u3  ] ,
1 0 0 0 V
0 0 1 0 , S =
-3 3 -2 -1 Z-A
2 -2 1 1 zb
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A param etric double-quadratic curve segment i s  defined in  the  form of:
(2 . 8 ) x = x(u) =
X (u) = ^ 2  “ + ^1 u + ^0 -0 .5  <= u <= 0
X+ (u) = h.2 + kq u + &o 0 < u <= 0.5
where äq/kq; i  = 0 , 1 , 2  are the  vector c o e ff ic ie n ts  of the  equation, u i s  the 
param eter.
As the  equation shows, the segment i s  composed of two q u ad ra tic s . Preserving 
th e  u n i t  p a ra m e tr ic  le n g th , th e  param eter i s  chosen to  run  from  -0 .5  to  0.5 
for symmetry reasons. We have gained four co n stra in ts  as previously and six  
degrees of freedom, since there  are six  vector c o e ff ic ie n ts  to  be determined 
in  (2.8). The remaining two a re  for sa tis fy in g  p o sitio n a l and f i r s t  d e riv a tiv e  
c o n tin u i ty  a t  u=0. A fter s u b s t i tu t io n  th e  fo llo w in g  system  of e q u a tio n s  i s  
obtained:
0.25^2 “ 0 .5 ^  + = x^ q,
(2.9) -& 2 + üq -  Lfrr
0.25)22 + 0.5kq + ]2q = Xg, 
h 2 + ill = iß
At the midpoint
(2.10) lim x (u) = lim x (u) , 
u —0 u-*0
lim x-  (u) = lim x+ (u) , 
u -0  u —0
thus:
(2 . 11) = & 0  and aq = bq,
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N ote, th a t  äq, &q and a^ , g iv e  th e  m id p o in t p o s i t io n  and ta n g e n t v e c to rs  
re s p e c t iv e ly . S o lv in g  the  system  of th e  above s ix  eq u a tio n s  fo r  a.^, we 
gain the  solution below:
(2 . 12 )
ao = bo = 0.5(1* + L q ) + 0 .125(£a -  ig)
%  = k l = " Z f )  -  ° * 5  < 4  +
a2 = 2 (lß  -  jla) -  0 .5 (3 ^  + iß) = A l -  i *
t >2  = 2 ( i *  -  iß ) + 0.5 ( i *  + 3 iß ) = -J^! + iß
The b lending  fu n c t io n  e q u a tio n  h o ld s  fo r d o u b le -q u a d ra tic s  a s  in  case  of 
cubics, see (2.4). A ll double-quadratic blending functions are  composed of two 
q uad ra tic  p ieces, as follow s:
fg (u) = - 2 \ r  -  2u + 0 .5 , 
(2.13) f f ( u )  = 2u2  + 2u + 0 .5 ,
f 0 +(u) = 2u2  -  2u + 0 .5 , 
f^ ~*"(u) = —2u2  + 2u + 0 .5 ,
g0  (u) = -1 .5 u 2  -  0.5u + 0.125, gg+ (u) = 0.5u 2  -  0.5u + 0.125, 
g1 “ (u) = -0 .5 u 2  -  0.5u -  0.125, g-j + fu) = 1.5u 2  -  0.5u -  0.125.
To be ab le  to  use th e  r e l a t in g  m a tr ix  fo rm a lism , we have to  in tro d u c e  th e  
no ta tion  of sign-dependent c o e ff ic ie n ts . For example,
(2.14) xu =
5
8
m eans, th a t  depending on w hether ano ther v a r ia b le ,  say u i s  le s s - e q u a l  or 
g r e a te r  than z e ro , xu equals  5 or 8 , r e s p e c t iv e ly .  Going f u r th e r ,  u sing  
signdependent m a trice s , the th ird  or the fourth  row must be taken depending on 
the sign of another v a riab le . In the case of a double-quadratic curve segment, 
the equation can be given in  the form of :
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(2.15) JL =
i
where
II = [ 1 u u2] ,
0.5 0.5 0.125 -0.125
2 -0 .5 -0 .5
2 -1 .5 -0 .5
- 2 0.5 1.5
£  i s  as in  (2 .7 ) .
r
The so -ca lled  fu lln e ss  of double-quadratic cur v e -segments can be ad justed  in  
the same way as in  case of cubics. With fixed endpoints, the  and ig  tangent 
vecto rs can be w ritten  in  the form below:
~ ^  ^AO'
(2.16) Lq  = ß  Lq q .
i.AQ and i_BQ d e f in e s  the  u n i t  d i r e c t io n  v e c to r s ,  «>< and ß  d e fin e s  th e  
magnitudes of the tangents. Having fixed  the u n it  vecto rs, the  adjustm ent of 
c* and ß  a l t e r s  th e  shape of th e  segm ent, a s  shown in  F ig .2.2 and F ig .2 .3 .
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This fea tu re  i s  s ig n if ic a n t from the design p o in t of view, th a t  i s  when local 
shape m odification i s  needed and a lso  for adequate curve f i t t i n g ,  where the 
b est a lte rn a tiv e  i s  generated by th is  so rt of adjustment of fu lln e ss .
3. The c h a ra c te r is t ic  polygon of a double-ciuadratic curve, segment
B ezier chose a s p e c ia l  r e p r e s e n ta t io n  fo r  d e f in in g  c u rv e s  [4] . From a 
mathematical p o in t of view, the  cubic Bezier curve is  only a rearrangement of 
th e  (2.5) e q u a tio n . In B e z ie r 's  form :
(3 . 1) jl(u) = (1- u ) 3 zq + 3u ( l - u ) 2l1 + 3u/ (]-u)i_2 + u3jl3 , 
where
*0 = l A'
(3.2) L-i = La  + L f / 3,
L-2 = Lq ~ Lq/  3,
^3 = *B*
The s ig n if ic a n c e  of th is  fo rm u la tio n  i s  t h a t  by means o f th e  above v e c to r s ,  
th e  s o -c a lle d  c h a r a c t e r i s t i c  polygon can be c o n s tru c te d  (F ig .3.1). In  f a c t ,  
th e  curve i s  c h a ra c te r iz e d  by t h i s  polygon, s in ce  i t  p a sse s  through  th e  
en d p o in ts  and i t  i s  ta n g e n t ia l  to  the  (l .± -  and ^ 3  " Lq ) v e c to r s ,  
r e s p e c t iv e ly . The c h a r a c t e r i s t i c  polygon i s  no t only an adequate  to o l  fo r  
a d ju s tin g  c u rv e s , bu t i t  f a c i l i t a t e s  the  u n d e rs tan d in g  of many r e l a t i n g  
geometric p ro p e rtie s  [32]. These include the convex h u ll property  and a lso  the  
stra igh tfo rw ard  geometric in te rp re ta tio n  of curvature, p o in ts  of in f le c tio n s , 
and loops, e tc .
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The c h a ra c te r is t ic  polygon of double-quadratics can be derived analogously 
(based on the quadra tic  Bezier fo rm ulation):
= Lh '
(3.3) = JLA + i . f / 4 ,
I _ 2  = l£. “
Unlike in  equation (3.2) here we use one-fourth of the tangent vectors. The 
p r o p e r t ie s  of the  cub ic  B ezier curve can a ls o  be g e n e ra liz e d  fo r d o u b le ­
quad ra tics. Moreover, c a lcu la tin g  the  jl(u) and i(u ) vectors a t  the midpoint we 
ob tain :
(3.4) JL(0) = 0.5 ( jla + Xß) + 0.125 ( i A -  i ^ ) ,
i ( 0 ) = 2 ( I q -  -  0 .5 (iß  + iß)
T his means t h a t  th e  m idpo in t of a d o u b le -q u a d ra tic  segm ent i s  equal to  th e  
midpoint of the c h a ra c te r is tic  polygon, th a t i s  to  the a rith m e tic  mean of 
and i_2- Furtherm ore , th e  d if f e r e n c e  vecto r of jl2  and r.^ i s  ta n g e n t ia l  to  th e  
curve th e re .
(3.5) 1.(0) = 0.5(12 + jl2) f 1.(0) = 2 (i 2  -  Iq) •
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To sum i t  up , th e  c h a r a c t e r i s t i c  polygon of d o u b le -q u a d ra tic s  g iv es a more 
conven ien t to o l  fo r  lo c a l  a d ju s tm e n t than  t h a t  of c u b ic s . C o n stru c tin g  th e  
c h a ra c te r is tic  polygon, one can immediately see the behaviour of the curve, 
since not only the  endpoints, but the midpoint and the corresponding tangent 
vector become "v is ib le"  in  th is  way.
D o u b le -q u ad ra tic  cu rv e-seg m en ts  can re p re s e n t  tw is te d  3D curves a s  w e l l ,  
in  sp ite  of th a t  they are made up of p lan a r p ie c e s , a s  shown in  F ig .3.2 
below . The tw is t  i s  alw ays a t  th e  m idpo in t, u n lik e  c u b ic s , where i t  changes 
continuously along the segment.
I b (u=0.5)
The midpoint of the  cubic segment can be expressed by su b s titu tin g  u=0.5 in to  
the (2.5) equation.
(3.7) 1.(0.5) = 0.5Qla + Lq ) + 0.125(£A -  j^)
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S urp rising ly , th is  i s  the same for the double-quadratic segment w ith th e  same 
e n d -c o n d itio n s . T his i s  one more argum ent fo r  the  p re v io u s ly  m entioned  
s i m i l a r i t y  (see F ig . 3 .3 ), i .e .  th e  two d i f f e r e n t  ty p es  o f curve segm ents 
b e s id e  behaving s im i la r ly  in  th e  v ic in i ty  of th e  e n d p o in ts , go th rough  th e  
same m idpo in t a t  th e  p a ra m e tr ic  h a lf .  I t  m ust a ls o  be no ted  th a t  s in c e  th e  
c h a ra c te r is t ic  polygon of dq-s i s  the 3 /4-th  of cubics, more e ff ic ie n t  convex 
h u ll t e s ts  can be performed on them.
4. Some p ro p erties  of the planar double-cuadratic curve segment
4.1. Cmvature> inflection, loops
Examining the shape of a param etric  curve segment, one may wonder whether i t  
has got a poin t of in f le c tio n  or i t  i s  looping. Having the given p o sitio n  and 
ta n g e n t v e c to r s ,  th e se  q u e s tio n s  can be e a s i ly  answ ered by means o f th e  
c h a ra c te r is t ic  polygon or by a lgeb ra ic  an a ly sis  of the curvature. We follow  
the geom etric in te rp re ta tio n .
The curvature of a param etric curve i s  characterized  by the  vector K^u) B(u), 
where kf (u) i s  th e  r e c ip ro c a l  v a lu e  of th e  r a d iu s  of th e  o s c u la t in g  c i r c l e ,  
B.(u) denotes the so -ca lled  binormal u n it vecto r.
D enoting th e  tan g e n t and norm al u n i t  v e c to rs  of the  curve by 2  and N, 
re sp ec tiv e ly , we can w rite :
Ijl(u) X £(u) I £(u) X £(u)
(4.1) IC(u) =
li.(u) X £(u)
(4.2) H = B X 2 .
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In the  case of p lanar curves,B i s  always perpendicular to  the  plane, where the 
curve and the corresponding T, N v ec to rs  l ie .  N always p o in ts  to  the cen tre  of 
th e  o sc u la tin g  c i r c l e .  The sign  o f th e  jl(u) X£(u) v ec to r p ro d u c t t e l l s  us in  
which side of the curve th is  cen tre  l ie s .  Whenever the B u n it vector changes 
i t s  s ig n , a p o in t  o f i n f le c t io n  o ccu rs , supposing  £(u) /  0 . T his l a s t  
condition  holds in  the  p ra c tic a l cases, otherw ise we get cusps as in Fig.4.1.
Expressing the curvature  by the sc a la r c o e ff ic ie n ts  of a dq curve-segment, we 
ob tain :
- 2
Figure 4.1 Figure 4.2
a2 yalx  " a 2 xaly  I
I 1 3
-0 .5  <= u <= 0
(4.3) K*(u)
^ 2 y^lx ^ 2 x*3ly
0 < u <= 0.5
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th a t  i s  the  sign of the curvature i s  constant w ith in  one quadra tic  p iece , and 
can change only a t  the midpoint. This means th a t  a double-quadratic segment 
h as  a p o in t  of in f le c t i o n  i f  and only i f  th e  s ig n  of th e  above e x p re ss io n s  
d i f f e r .  I t  can be seen th a t  th e  two p ie c e s  e i th e r  j o i n  each o th e r  w ith  
curvature co n tin u ity , i f  the two numerators a re  equal, or there  i s  a jump in  
K"(u), i f  n o t.
One stra igh tfo rw ard  way of describ ing  curvatures i s  using the  vectors of the 
B e z ie r - l ik e  c h a r a c t e r i s t i c  polygon.U sing th e  eq u a tio n s  (2.8) and (3.3) we 
ob tain :
£ ( - 0 .5 )  = 4(x.1 -  Xq)
(4.4) £ ( - 0 .5 )  = 8(1^ -  x.-j_) + 4 (x_2 -  JLX)
£ (  0.5) = 4 ( 1 3  -  ^
£ (  0.5) = 8(jl2 -  JL3) + 4(jl1 -  jl2)
Consequently
(4.5) (-0 .5 ) = [ t q  -  xo) X (jl2 -  j^ ) ]  /  4 1 ^  -  j ^ l 3 
K  (0.5) = [ (n3 -  jl2) X (£]_ -  jl2)] /  4 |jl3 -  JL2 13
Since the curvature does not change i t s  sign w ith in  one quadra tic  p iece , the 
cen tre  of the o scu lating  c ir c le  in  the f i r s t  h a lf  "d irects" towards the chord 
PqP2, in  the second towards P^P^. As was shown, the signs of the curvature a t  
th e  en d p o in ts  a re  d e fin ed  by th e  v e c to rs  of th e  c h a r a c t e r i s t i c  polygon, and 
these  determine the curvature in  the  whole segment. Considering the s t r a ig h t  
l i n e ,  which goes through P^ and P2 , i f  PQ and P3  l i e  in  th e  same s id e  o f th e  
l in e ,  then:
(4.6) £ (-0 .5) = £ ( 0 .5 ) ,
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i f  Pq and P3 l i e  in  d i f f e r e n t  s id e s ,  then th e  s ig n s  d i f f e r  and th e re  i s  a 
p o in t of in f le c tio n  a t  the m idpoint.
Before going fu r th e r  we introduce the notion of the c h a ra c te r is t ic  tr ia n g le . 
I t  i s  composed o f th e  en d p o in ts  £ 3  and th e  p o in t X, which i s  th e  
in te rse c tio n  po in t of the two tan g e n tia l lin e s  going through the endpoint w ith 
the  given slopes. Let ^  and (3 be the magnitudes of the  tangent v ec to rs , 
th e ir  sense is  p o s it iv e  i f  (Xp -  x^) d irec ts  towards X and (X3 -X2 ) from away 
X. Fixing the u n it tangent v e c to rs , one can vary the o< , ß  magnitudes 
c re a t in g  shapes w ith  d i f f e r e n t  f u l ln e s s .  F ig . 4.4 shows some exam ples, 
separating  the curves according to  the  sign of c* , ß  in to  four d if fe re n t  
c la sses . (Class I I I  i s  symmetric to  Class II.) The previously mentioned ru le  
on th e  c h a r a c t e r i s t i c  polygon and the  p o in ts  of in f le c t i o n s  a re  a ls o  
i l l u s t r a t e d  in  F ig . 4.4.
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cusp straight h a l f - segm en t
Figure 4.4.
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The condition fo r a poin t of in f le c t io n  can e a s ily  be deduced, as mentioned in  
the previous paragraphs. If  the  in te rn a l  po in ts of the polygon -  and jl2  a re  
both w ith in  the  PgX and XP3  chord or outside i t ,  there  w il l  be no in f le c tio n , 
how ever, i f  one of them i s  in s id e  and th e  o th e r  i s  o u ts id e ,  a p o in t  of 
i n f l e c t i o n  o c c u rs . ( I t  i s  n o ted  t h a t  t h i s  r e s u l t  can be e a s i l y  reached in  an 
a lg eb ra ic  way, as w ell.) Denoting PqX by ) XP3  by p  our condition can be 
expressed as fo llow s:
A p o in t of in f le c t io n  occurs i f
a )  . (0 < /4  < c* ) and ( (3 /4  < 0  or ß  /4  > ß  )
(4.7) or
b )  . ( 0 ^ / 4  < 0 or /4  > <x* ) and (0 < ß /4  < (3* )
The above sim ple apparatus can h e lp  us in  examining degenerate cases, keeping 
in  mind th a t a dq-curve i s  always tangen tia l to  the  P2 P3  chord. Looping occurs 
i f  and only i f  b o th  P2  and P3  l i e  on the  p o s i t iv e  e x te n s io n s  of th e  PQX and 
P3 X chords, s in c e  t h i s  i s  th e  on ly  p o s s ib le  c a se , when th e  d i r e c t io n  of th e  
P2 P2  vector can tu rn  over. With a lgeb raic  term s a loop occurs (Fig.4.4), i f
(4.8) o<* < cx / 4  # ß v< (3 /4  .
A cusp occurs when c*/4 = ^  * and (3 /4  = (3 , see Fig.4.4/e.
In  t h i s  very s p e c ia l  case , we s t i l l  have th e  f i r s t  d e r iv a t iv e  c o n tin u i ty ,  
s in c e  approaching  X from both  end £(u) becomes zero . (In p r a c t i c a l  c a se s  we 
attem pt to  avoid th is .)  Another sp ec ia l case, when one of the  quadratic  p ieces 
i s  a l in e a r  segm ent, see F ig .4 .4 /f .  This happens when e i th e r  jl2  or 1 . 3  i s  
e q u iv a le n t to  X. (S pecia l c a re  m ust again  be taken  to  avo id  th e  i.(u) = 0 
case .)
48 _
BASIC EQUATIONS
straight
The previous statem ents can be summarized in  the above  diagram, v;here as 
a function  of o (  and ß  the d iffe re n t subcases are  shown in  the  o( -  ß  p lane .
I t  i s  noted  th a t  s im ila r  in v e s t ig a t io n s  and ru le s  can be e s ta b l is h e d  fo r  
c u b ic s . In s te a d  of o i /4  and ß  /4  , c k /3  and ß  /3  must be used. Cubic 
cu rve-segm en ts may have two in f le c t io n s .  N e v e rth e le ss  th e re  a re  p r a c t i c a l  
cases, when having the  same endpoints and tangent vectors the  cubic curve has 
a po in t of in f le c tio n , while the dq one does not. This happens when:
(4.9) c ^ /4  < o < * <  ©</3 and 0 < ß  /3  < ß  , or
0 <o</3 < and ß / 4  < ß * <  ( 3 /3 ,
a s  i s  shewn in  F ig .4 .4 / g .
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4.2. Line and circle..appLQ^ümtlQn
In computer aided geometric design , the conventional elements of engineering 
draw ings must o f te n  be used to  d e sc r ib e  f re e -fo rm  shapes. In the  case  of 
planar geometry, o ften  line  segments and c irc u la r  arcs a re  incorporated in to  a 
f re e -fo rm  curve. T hat i s  why th e  q u e s tio n  a r i s e s :  how a c c u ra te ly  a double­
quadra tic  segment can represent a l in e  or a c irc le .
Linesegments can be described accu ra te ly  by dq-curves, however, specia l care 
must be taken to  choose the tangent vecto rs a t  the endpoints, which determine 
the param etric d is tr ib u tio n  of the segment. The i_(u)=0 case must be avoided. 
The h a lf  of the dq-curve-segment i s  e ith e r  a lin ea r segment, when
(4.9) x(u) = A]U + Sq , 
or a quadratic one
(4.10) x(u) = á 2 u 2  + äyU + üg I
w ith jä- 2  X á l -  0. In both cases, ág = A 3.g, where A i s  a sca la r constant.
Denoting th e  ch o rd len g th  of th e  segm ent by d and th e  p o s i t iv e  ta n g e n t 
magnitudes by and ß  , i t  can be eas ily  proved by su b s titu tin g  in to  the
(2.3) b asic  e q u a tio n s  th a t  i f  o< + (3 < 4d then  no zero  f i r s t  d e r iv a t iv e  
occurs. This corresponds to  the  r e s u l ts  obtained in  the previous section, i.e . 
-  geom etrically in te rp re tin g  -  the ig , Xp/ x2/ ^ 3  vectors must l i e  w ithin the  
chord in  t h i s  o rd e r ,  which i s  e q u iv a le n t to  th e  above c o n d it io n  in  th e  form 
of:
(4.11) Ixg ~ Xp I + 1X2 “ lg  I < Xg -  X3  I .
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Otherv7ise the follow ing cases, which are degenerate from engineering p o in t of 
view may occur:
Figure 4 .6 . Figure 4 .7 .
As i t  i s  well-known, c irc u la r  a rcs can be exactly  represented only by ra t io n a l  
functions, though the approximation by double-quadratics and cubics, e tc ., a re  
p a r t ic u la r ly  good, when the angle of the arc i s  not too la rge . For q u a l i t i t iv e  
in v es tig a tio n , l e t  us assume th a t  the arc to  be approximated has u n it rad iu s 
and i t s  an g le  i s  . Let us assum e th a t  th e  ap p ro x im atin g  dq-curve goes 
through the arc  endpoints and i t s  midpoint and i s  a lso  tan g e n tia l to  the  arc  
a t  th e se  p o in ts  a s  i s  shown in  F ig . 4.8. (S im ila r  assu m p tio n s and r e s u l t s  
w ere o b ta in ed  by P e te rs  fo r cu b ic  ap p ro x im atio n s in  [54]. I t  must a ls o  be 
no ted  th a t  a b e t t e r  ap p ro x im atio n  can be made by r e le a s in g  th e  m id p o in t 
c o n s tra in ts  -  see for example [56].)
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The above c o n d it io n s  lead  to  th e  fo llo w in g  e q u a tio n s ; h e re  k den o tes  th e  
unknown tangent vector magnitudes.
(i) £ (-0 .5 ) = ( cos If , - s in  I f )
(ii) £ (-0 .5 ) = k ( sin  If , cos If )
(4.12) ( i i i ) £.(0.5) = ( cos If , s in  (f  )
(iv) ll
ín•o (- s in  if  , cos i f  )
(v) £ ( 0 ) = ( cos If + 0.25k s in  i f  ,
(vi) £ ( 0 ) = ( 0, 4sin If -  k cos If )
The l a s t  two equations came from the midpoint expressions in  (3.4). Since i_(0) 
i s  equal to  (1 , 0 ) , k can be d i r e c t l y  exp ressed  from  (v).
(4.13) k = 4 ( 1 -  cos If ) /  s in  If
Nov/ k i s  defined and we look for the extremum values of the  approximation. The
2
h(u) = [jl(u) ] fu n c tio n  i s  exam ined in s te a d  of th e  in co n v e n ie n t h(u) = ll.(u) |.  
A fter d if fe re n tia tin g , v/e ob tain  the follow ing expression:
dx dy
(4.14) h(u) = jl(u) jl' ( u) = x(u) + y (u )— = 0
du du
T h is i s  a th i r d  degree  e q u a tio n  in  u. Let us examine th e  f i r s t  q u a d ra t ic  
segm ent. Let us ta k e  the  s c a la r  c o e f f i c i e n t s  o f e q u a tio n  (2.8) to  e x p re ss
h (u ) .
2
(4.15) h(u) = (a2xu + a l x u + aQx) (2a2xu + a l x ) +
2
+ (a2yu + a l y u + a 0y) (2 a2yu + a l y ) = 0 .
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y (u ) = 0  and x '(u ) = 0  a t  u=0 , th u s  we o b ta in  aoy=al x =0, Tak i n 9  U) / ( ü ) r  and 
(v ) ,(v i) , i t  can be seen  th a t  u=-0.5 and u= 0  a re  both  ro o ts  of h(u), so a f t e r  
d iv id ing  by these term s using Horner's method, we obtain:
(4.16) u = 0.5 -  3 a 2 ya^y/2 (a 2 x  ^ + a2 y^)
The missing unknown c o e ff ic ie n ts  can a lso  be expressed, using (2.12) :
(4.17) a2x = alx  -  x (—0.5) = -  k s in  i f ,
a-Ly = 4 s in  I f -  k cos i f  = k,
a 2 y = aly  — y (—0.5) = k (1-cos i f  ) .
"k
The above eq u a tio n s  can be s u b s t i tu te d  in to  (4.15), r e s u l t in g  in  u = -0 .25 .
Therefore we ascerta ined  th a t independently on the angle of the c irc u la r  a rc ,
the  maximum deviation  of the dq-segment from the m athem atical arc i s  a t  u=
-0.25 and i t s  sym m etric c o u n te rp o in t u=0.25. ( I t  must be noted  th a t  in  th e
★  .
case of cubics, the value of the  c r i t ic a l  u depends on Lr •)
The dev iation  as a function of L f can be e a s ily  ca lcu la ted :
(4.18) x(-0.25) = a2x/16 + aQx = cös i f  /4  + 0.75, 
y (-0.25) = a2y/16 -  aly / /4  =
= ( 1  -  cos i f  ) V sin^  i f  -  ( 1  -  cos f  ) /s in  f  .
Some ty p ic a l  v a lu e s  a re  g iven  in  Table 1, to  i l l u s t r a t e  the  r a t e  of 
convergence as f  -* 0 .
2 f 120* 90 ‘ 60* 30 * 15* 7 .5  *
4.8e-2 9.2e-3 2.9e-3 1.8e-4 1.2e-5 7 .le -7
Table 1.
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The question of how double-quadratics approximate conics can a lso  be posed. I t  
i s  well-known th a t  ra tio n a l q u ad ra tic  functions p rec ise ly  rep resen t conics -  a 
sim ple proof can be found in  [32] pp. 138. -  144. When the  denominator of the  
r a t io n a l  function equals 1, a parabola i s  defined. This leads us to  the known 
f a c t  t h a t  p a ra m e tr ic  q u a d ra t ic s  a re  e q u iv a le n t to  p a ra b o la s , in  our c a se , 
double-quadratics a re  equivalent to  two parabolic  pieces. Therefore, parabolas 
can be re p re se n te d  p r e c is e ly ,  e l l i p s e s  and h y p e rb o la s  on ly  ap p ro x im ate ly . 
S im ilar q u a li ta t iv e  in v es tig a tio n s  can be ca rr ied  out as we did for c irc u la r  
a rc s  in  the previous paragraphs.
5.« The,, .equation of a double-quadratic patch
The equation of a double-quadratic patch can e a s ily  be form ulated, once the 
d o u b le -q u a d ra tic  b len d in g  fu n c t io n s  a re  g iven  (see 2.13). A nalogously to  
b icub ic  patches [32], b iv a ria te  blending i s  used by two param etric  v a riab les  u 
and v. Beside the corner poin ts and the tangent vecto rs th e re , the so -ca lled  
t w i s t  v e c to rs  m ust be added (Fig. 5.1). The l a t t e r  ones b a s ic a l ly  d e te rm in e  
th e  in t e r io r  of th e  p a tc h , by d e f in in g  the  changing r a t e  of one p a ra m e tr ic  
v a r ia b le  r e l a t in g  to  th e  o th e r  one a t  th e  co rner p o in ts .  (To p ro p e r ly  
determ ine the tw is t  vecto rs i s  a d i f f ic u l t  task  fo r the user, th a t  i s  why most 
design systems s e t  them au tom atically  based on th e  surrounding tangent v ec to rs  
or th ey  a re  c a lc u la te d  by th e  used com posite  in te rp o la t in g /a p p ro x im a tin g  
algorithm s.)
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Figure 5 .1 .
The equation of the patch can be given in  the  following form:
(5.1) I_(u,v) = il DQ^ , R DQ^ y1
where:
11 = I 1 U u2 ] , Y = [ l v v 2 ] ,
D0U and DC^  a re  equivalent to  the  DQ m atrix in  (2.15) ,
^A A/A *vC
*B A/B A/D
^uA A ß AivA A ivC
Aiß Aid -^uvB JkivD
The param etric area  which i s  mapped to  the 3D space i s  -0.5 <= u,v <= 0.5. Hie 
vecto rs in  the f i r s t  two rows and columns, determ ine the four boundary curves 
of th e  p a tch , w h ile  th e  tw i s t s  i n d i r e c t ly  in d ic a te  th e  change of th e  c ro s s ­
tangent vectors along the boundaries. I t  can be seen from equation (5.1) th a t  
in fact a d o u b le -q u a d ra tic  p a tc h  i s  composed of four b iq u a d ra tic  p a tc h e s , 
depending on w hether (u<=0,v<=0) ; (u<=0,v>0); (u>0, v<=0); (u>0,v>0). As 
expected, due to th e  dq b len d in g  fu n c t io n s , i n te r n a l ly  f i r s t  d e r iv a t iv e  
continuity is ensured. Hie consequence of the  sign-dependent m atrix n o ta tio n  
is that the number of the vector q u a n tit ie s  needed to  define  a dq-patch i s  the
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same a s  th a t  of c u b ic s . The on ly  supplem ent i s  t h a t  th e  s ig n  of th e  u and v 
param eters must be evaluated, when the blending polynomials a re  used.
6 . The c h a ra c te r is tic  polyhedron of a double-quadratic patch
The B e z ie r - l ik e  c h a r a c t e r i s t i c  po lyhedron  of b ic u b ic  and d o u b le -q u a d ra tic  
p a tc h e s  can be d e r iv e d  as th e  consequence of th e  used b iv a r i a t e  b len d in g  
technique. The b asic  advantage of th is  form ulation i s  -  as in  case of curves -  
t h a t  i t  p rov ides a conven ien t to o l  fo r c o n tro l l in g  th e  shape of th e  p a tc h . 
Instead  of using tangent vectors and tw is t  vecto rs, the patch can be ad justed  
by means of the co n tro l points of the polyhedron.
The analogy between the cubic Bezier patch and the double-quadratic one can be 
drawn easily , as i t  was done in  Section 3. (The tangent vecto rs are  m u ltip lied  
by a weight 1/4 in s tead  of 1 /3 , the  tw is t vectors by 1/16 in stead  of 1 /9 .)
Figure 6 .1 .
* 0 0  “ *"A
(6 .D  lo i  = X-A + íuA /  4
*-10 = *-A + *vA /  4
*•11 = *-A + iuA /  4 + *vA /  4 + *uvA /  16
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(6.1 cont.)
103 =
JK) 2  = "  *uB /  4
*31 = *B + *vB /  4
*12 = *B “ *uB /  4 + *vB /  4 " *uvB /  16 
*30 = *C
*31 = *C + *uC /  4 
*20 = *C ” *vC /  4
1-21 = *C + *uC /  4 " *vC /  4 " *uvC /  16 
1-33 = *D
1-32 = *D "  *uD /  4
*23 = lD “ IvD /  4
1-33 -lü -  *uD /  4  -IvD /  4  *uvD /  ^
I t  i s  a ls o  tru e  t h a t  the  d o u b le -q u a d ra tic  po lyhedron  g iv e s  a more c lo s e ly  
re la te d  descrip tion  of the patch than th a t  of b icubics. This fo llow s from the 
property , tha t the boundary curve m idpoints l i e  on the polyhedron edges, i.e . 
a t  0.5 (l-o1+l-02^ ' 0#5 (JL3 1 +JL3 2 ) • 0 . 5 (1 ^ 0 +1 .2 0 ) and 0 .5(JL1 3 +JL2 3 ) • T h is was 
expec ted  from (3 .4). I t  h o ld s  fo r  th e  m id p o in t of th e  p a tc h , t h a t  i t  i s  
e q u iv a le n t to  th e  m idpo in t of th e  m idd le  q u ad ran g le  of th e  po lyhedron . 
Moreover, the c ro ss , which connects the m idpoints of the facing edges of the  
middle quadrangle i s  tangen tia l to  the surface patch a t  the m idpoint, i .e . a t  
the u=0, v=0 values.
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1 .(0 , 0 ) — 0.25(x_22 + _L^ 2  + X-21 ^ 1 -2 2 ^
(6 .2) ^ ( 0 , 0 )  = 0 .5 [ - 0 .5 + L 2 \ )  + 0 .5 ( jl2i  + L.2 2 ) 1
^ ( 0 , 0 )  = 0 .5 [ - 0 .5 (jl-j j  + L.i 2 ) +  0 .5 (1 2 ! + JL22) ]
The above s ta te m e n ts  can be e a s i ly  proved by s u b s t i tu t in g  u=0,v=0 in to  th e
(5.1) equation and by d if fe re n tia t in g  by u and v, where needed. Bicubic and 
double-quadratic patches are very s im ila r to  each other based on the arguments 
in  S e c tio n  2. The m idpo in t of a cu b ic  p a tch  i s  e q u iv a le n t to  th e  m idpo in t o f 
i t s  d o u b le -q u a d ra tic  c o u n te rp a r t . In both c a se s , w ith  g iven  p o s i t io n a l  and 
tan g en tia l c o n s tra in ts :
(6.3) n (0 ,0) = (jl^  + Jig + + L ß ) /  4 +
(iuA -  ^uB + “ %D> / 1 6  +
(j^ vA + A/B “ ^vC “ K -D ^16 +
^AjvA -  AjvB “ ^ v C  +
Provided th a t the  defin ing tangent magnitudes are  not too la rg e , the b icubic 
and th e  d q -su r fa c e s  r e s u l t  in  very  s im ila r  shapes. The read e r shou ld  
d is t in g u is h  betw een them in  F ig . 6 .2 , however, th e  sm a lle r  c h a r a c t e r i s t i c
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7 . Minimum -  maximura values of double-quadratic curves and surfaces
I t  i s  o ften  necessary to  determ ine the extreme values of a double-quadratic 
segment. Since i t  i s  given in  param etric  form, th is  can be done separa te ly  for 
each p r in c ip a l  d i r e c t io n .  F i r s t  l e t  us see  the  z -c o o rd in a te  of a q u a d ra t ic  
segment defined in  the  form below:
(7.1) z(u) = a u 2  + b u  + c ,  0 <= u <= 0 .5 , a ^  0.
The extreme values can be e ith e r  in  the  endpoints, i.e . a t  u=0 or u=C.5 or in  
the p o in t v/here dz/du = 0, as shown in  Fig. 7.1. In the  l a t t e r  case
(7.2) Uq= -b /2a and z(ug) = -b 2 /4a  .
Uq i s  the  extreme value of the segment i f  0 <= Uq <=0. 5  .
For a double-quadratic  segment th e  z-extrem e values can be obtained by tak ing  
th e  s m a l le s t  of th e  minimum and th e  l a r g e s t  of th e  maximum v a lu es  o f th e  
q u a d ra t ic  p ie c e s . The same h o ld s  fo r  com posite  d o u b le -q u a d ra tic  cu rv es as 
w ell. Sim ilar procedure can be app lied  fo r the x and y coord inates.
59
BASIC EQUATIONS
For (d o u b le -)q u a d ra tic  p a tch es  an analogous a lg o r ith m  can be used. L et us 
examine the z coord inates again, given in  the follow ing form:
(7.3) z(u,v) = a(v) u2  + b(v) u + c (v ), 0 <= u,v <= 0.5
The extreme values can be e ith e r on the u=0 or u=0.5 boundaries of the patch 
or on th e  curve, w hich c o n ta in s  th e  ex trem e v a lu e s  of th e  in d iv id u a l  v 
constan t parameter l in e s .  Fortunately , these extremes can be expressed in  the  
ca se  o f q u a d ra tic s  a s  a fu n c tio n  of v. ( I t  i s  assum ed, th a t  a(v) ^ 0, fo r a l l  
v. We can a lso  ig n o re  th e  d i s c r e t e  v v a lu e s , w here a(v)=0, s in c e  t h i s  means 
th a t  we have a l in e a r  segment, for which the u constan t boundaries m atters.)
S im ila rly  to  the curve segments, fo r a rb itra ry  v constant curve the extrem e 
/alue can be expressed as:
(7.4) u0 (v) = -b (v)/2a(v) , and z0 (v) = -b 2 (v)/4a(v) .
The extremum value of th is  zQ(v) function  i s  a t  the po in ts , where:
^ Z q/ ^ v  = 0 , i . e . :
(7.5) b(v) [b(v) a '(v )  -  2 b '(v ) a(v) ] = 0.
T h is f i f t h  degree e q u a tio n  f a l l s  a p a r t  to  a second and a th i r d  deg ree  one -  
bo th  so lv ab le  d i r e c t l y .  I f  fo r any vq s o lu t io n  0 <= Vq <= 0.5 h o ld s , i t  m ust 
be a ls o  checked w hether u 0 (vg) = -b (vg ) / 2  a(vg) l i e s  in  the  g iven  p a ra m e tr ic  
i n t e r v a l  as w e ll. I f  th e  answer i s  y e s , th e  (uq ,Vq) p a ir  goes in to  th e  s e t  o f 
ex trem e v a lu e s , f rom which th e  s m a lle s t  and th e  l a r g e s t  v a lu e s  g ive  th e  
d esired  z-coordinates. In case of double-quadratics the  se t of the  extreme 
values include those  of a l l  u-constant boundaries and a l l  four quadrants.
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I f  necessary, the same procedure can be applied  for composite surfaces made up 
of d q -p a tch es . I t  must be no ted , th a t  t h i s  method canno t be a p p lie d  fo r 
b ic u b ic  or h igher o rder p a tc h e s , s in c e  th e  "extremum" curve can n o t be 
expressed e x p l ic i t ly .
8 . Conclusion
In th e  p rev io u s  s e c t io n s  th e  b a s ic  e q u a tio n s  of d o u b le -q u a d ra tic  c u rv e -  
segments and surface-patches were presented. I t  was proved th a t dq-s a re  very 
c lo s e  r e l a t i v e s  of cu b ic s  and r e t a in  th e  b e n e f ic a l  p r o p e r t ie s  of them . The 
degree of design freedom of dq-s i s  s u f f ic ie n t  to  c rea te  complex engineering 
shapes as in  case of cubics. Moreover, dq-s a re  p a r t ic u la r ly  b e n e fic ia l, when 
the computational evaluation  of free-form  shapes i s  needed.
Dq-s a re  blended by second degree polynomials, furtherm ore, quadratic  curve 
segments and the constant parameter l in e s  of b iquadra tic  patches rep re se n t 
p la n a r  cu rves. Due to  th e s e  f a c t s ,  th e  g eo m etric  in te r r o g a t io n s  and 
in te rse c tio n s , which are fundamental in  computer aided geom etric m odelling can 
be perform ed by n o n - i t e r a t iv e  methods or a p p a re n tly  3D o p e ra tio n s  can be 
reduced  to  p lan a r ones. In  t h i s  chapter, on ly  some i l l u s t r a t i o n s  fo r  th e  
s im p lic ity  of dq-s were presented. A d e ta ile d  volum etric modelling exposition  
of the  dq -in te rrogation  problem can be found in  the  follow ing chapters and 
in  the  a r t i c le  of P ra tt  and th e  author [55].
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C h a p te r  I I I
GEOMETRIC INTERROGATIONS FOR DOUBLE-QUADRATIC CURVES 
AND DOUBLE-QUADRATIC SURFACES
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Geometric  i n t e r r o g a t i o n s  p lay  a c r u c i a l  r o l e  in  computer a ided geo m e tr ic  
m ode l l ing .  In a g e n e ra l  sense every  q u es t io n  r e l a t e d  to  the  geometry o f  an 
object  or a group of  objects can be considered as a geometric in terrogat ion .  
Typical examples would be deciding whether two objects in te r fe re  with each 
o th e r  or c a l c u l a t i n g  the  c e n t r e  of  momentum of  an o b j e c t .  P r a c t i c a l l y  a l l  
app lica t ion  programs in te rrogate  in some way the computerised model of the 
o b j e c t  involved. F req u en t ly  new da ta  s t r u c t u r e s  are  gen e ra ted  such as a 
f in i te -e lem ent  mesh or an NC program using complex in terrogat ions.  This i s  the 
main advantage of computer representa t ion ,  th a t  once they are  created, a huge 
amount of information can be generated automatically from them.
The range of possible  geometric in te r rogat ions  can vary grea t ly  depending on 
the  d a t a - s t r u c t u r e s  and a p p l i c a t i o n s  involved .  Even l i m i t i n g  our scope of  
i n t e r e s t  only to  t h e  a c tu a l  b u i ld i n g  of  computer models o f  s o l i d  o b j e c t s ,  a 
com p l ica ted  h ie r a r c h y  of i n t e r r o g a t i o n s  can be formed. However, the  lowest,  
l eve l  of th i s  hierarchy can be qu i te  well formulated. This i s  p a r t i cu la r ly  the 
case  f o r  boundary r e p r e s e n t a t i o n  m o d e l le r s ,  where the  to p o lo g ic a l  and 
geometrical  information concerning the boundary of the object  i s  stored, th a t  
i s  th e  l in k s  between the v e r t i c e s ,  edges and faces  w ith  the  e q u a t io n s  of 
curves and surfaces on which the  edges and faces l i e .
As i t  was discussed previously in  Chapter I . ,  BUILD i s  a c la s s ic a l  example of 
a boundary m o d e l le r .  The d e s i g n e r s  of BUILD p a id  s p e c i a l  a t t e n t i o n  t o  th e  
g e o m e tr ic  i n t e r r o g a t i o n  problem. At th e  very  beginning  i n  197 4, a low l e v e l  
in te r fac e  called INTJ was defined for examining the s p a t ia l  r e la t io n sh ip  of 
a r b i t r a r y  two geo m e tr ic  e le m e n ts  (termed geom etr icons  i n  BUILD). This  a l s o
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includes the in te r s e c t io n  of two elements, which may r e s u l t  in  in te r s e c t io n  
points  or in te r se c t io n  curves. The whole modeller was b u i l t  up in such a way 
th a t  once geometry was involved, INTJ was ca l led  independently of the ac tua l  
type of the  c u rv es  and s u r f a c e s .  The s e t - o p e r a t i o n s ,  l o c a l  o p e r a t i o n s ,  
drawing-routines, e tc . ,  a l l  use t h i s  general in te r face  to  determine any new 
geometric information. That i s  why new curve and surface types can be e a s i ly  
introduced in to  BUILD, without touching the remaining par ts .
The problems and a ttempts to  introduce free-form geometry in to  sol id  modellers 
a re  reviewed in ano the r  paper [43]. Here only one p o in t  i s  quoted. Design 
f l e x i b i l i t y  and s im p le ,  ro b u s t  i n t e r r o g a t i o n s  are contradic tory conditions. 
Examining s imple  p a ra m e t r ic  pa tches  i t  tu rned  out t h a t  though t h e i r  i n t e r ­
rogations are r e l a t i v e ly  simple, they do not have enough freedom for c rea t ing  
p rac t ica l  engineering objects. Using complicated mathematical equations l ik e  
high-degree polynomials or ra t io n a l  functions, the desired design f l e x i b i l i t y  
can be achieved, but the in te rrogat ions  and in te rsec t ions  become very tedious,  
mostly soluble only by expensive numerical methods.
As tu rned  out from th e  p rev ious  c h ap te r ,  th e  d o u b le -q u a d ra t ic  curves  and 
s u r f a c e s  r e p r e s e n t  one rea so n a b le  compromise b e tw ee n  c o m p l e x i t y  and  
s i m p l i c i t y .  The "double" s t r u c t u r e  in c r e a s e s  th e  design freedom, but  a t  t h e  
same t im e,  a l l  geo m e tr ic  i n t e r r o g a t i o n s ,  which a re  based on p a r a m e t r i c  
q u a d r a t i c  eq u a t io n s ,  can be t r e a t e d  w ith  r e l a t i v e l y  low co m p u ta t io n a l  
expenses,  most ly  w i th  d i r e c t  methods.  This c hap te r  i s  devoted to  prove t h i s  
l a t t e r  statement.
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The BUILD INTJ concept meant th a t  a r e l a t i v e ly  small curve and surface design 
package and only the dq-curve and dq-surface in te rrogat ion  procedures had to 
be implemented to  be able to  create  and combine objects bounded by free-form 
geometry. In t h i s  chap ter  only the  two-operand d q - i n t e r r o g a t i o n s  a re  
d i s c u s se d .  ( T r i v i a l  q u e s t io n s  such as g iven  a (u,v) pa ram eter  p a i r ,  what i s  
the surface normal, w i l l  not be described here.)
F i r s t ,  the most important th eo re t ica l  methods in  the l i t e r a t u r e  for surface 
i n t e r r o g a t i o n s ,  t h e i r  e v a lu a t io n  and comparison w i l l  be d e sc r ib e d .  After  
introducing the basic  equations of a l l  geometricons, the global  t e s t  concept 
and a l l  necessa ry  d q - i n t e r r o g a t i o n s  w i l l  be p resen ted .  In most case 's ,  the  
b a s i c  concept only  w i l l  be d e sc r ib e d ,  due t o  space l i m i t a t i o n s  and the  
assum pt ion  t h a t  th e  reader  i s  more or l e s s  f a m i l i a r  w i th  t h i s  f i e l d .  
Mathematical  p r e c i s i o n ,  in  the  sense  t h a t  a l l  s p e c i a l  cases  shou ld  be 
discussed in d e t a i l  would simply mult iply  the  length of t h i s  chapter without 
adding too much. The reader  may e a s i l y  prove or handle  th e s e .  However, to 
compensate for t h i s ,  many p rac t ica l  computational aspects w i l l  be mentioned.
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2.- NOTES ON VECTOR-SURFACE AND CURVE-SURFACE INTERROGATIONS
Before going in to  de ta i led  discussion of the dq geometric in te r rogat ions ,  we 
p re s e n t  some a l t e r n a t i v e  g e n e ra l  concep ts  used in in te r rogat ing  parametric 
surfaces.
To give  a su r fa ce  p o i n t  once th e  (u,v) va lues  a re  known i s  t r i v i a l ,  i t  can be 
ob ta ined  by s u b s t i t u t i n g  in to  th e  s u r f a c e  equa t ion .  However the  in v e r s io n  
problem, that  i s  how to determine the (u,v) parameter values, i f  we have a 3D 
point on the surface i s  more complicated.
(2.1) = r (u ,v )
Here we have three nonlinear sca la r  equations with two unknowns. Selecting two 
of them, the (Uq ,Vq ) solution obtained must s a t i s fy  the th i rd  equation. There 
are many exis t ing numerical methods for  solving such a system of equations. To 
avoid two-dimensional Newton-Raphson l ike  i t e r a t i v e  proccesses for solving the 
system of e q u a t io n s  the problem can be conver ted  to  f i n d in g  the  ro o ts  o f  a 
h igh-degree  po lynom ia l  ( r e s u l t a n t  method) or to  solve a s e t  of  many l i n e a r  
equations using the method suggested by Sederberg e t  al [64].
In case of parametric  b iquadratic  surfaces the r e su l tan t  method wil l  give 
an 8th degree  po l inom ia l  fo r  one of  the  (u,v) p a ra m e te r s ,  whi le  
Sederberg 's  method leads  t o  a l i n e a r  system of e q u a t io n s  w ith  ten un­
knowns. Both are  reasonable a l te rn a t iv e s .  Another p o s s ib i l i t y  i s  e l im i­
na t ing  one o f  th e  param eters  from (2.2), express ing  th e  r i g h t  s ide  as 
polynomial coef f ic ien ts  of u.
(2.2) = A(v) + ü(v) u + £.(v) u2
Assuming t h a t  £(v) X £.(v) JO in the  given  p a ra m e t r ic  i n t e r v a l ,  the  
equation can be multiplied by th i s  term resul t ing  in a 6th degree equation 
in v.
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(2.3) (A(v) -  £q) (£(v) X £.(v)) = 0
Using t h i s  a lg e b ra ic  method p a r t i c u l a r  care  must be paid to  hand le  a l l  
special cases and a l l  po ten t ia l  roots.
Recurs ive  su b d iv i s io n  methods can a l so  be app l ied  to  the  in v e rs io n  problem 
[17],[30], [21]. Using the convex hull  property of most parametric patches, the 
s u b d iv i s io n  goes u n t i l  the  given p o in t  l i e s  w i th in  the  convex h u l l  o f  a 
subpatch, whose s ize  i s  smaller  than the given tolerance.  Subpatches, where 
the convex hu l l  t e s t  f a i l s ,  are  discarded and the process converges r e l a t i v e ly  
quickly.
Unfortunately, in many cases the inversion problem ar ises  in a d i f f e ren t  way. 
Since the given p o in t  may be a r e s u l t  of  previous  c a l c u l a t i o n s ,  i t  o f t e n  
cannot be guaranteed that  the  point l i e s  on the surface where we expect, only 
very close to i t .  This means tha t  mathematically the equation (2.1) w i l l  not 
have any (u,v) solution. Instead of th a t  we have to look for the nearest  point  
of the surface, th a t  is
(2.4) ! r (u ,v )  -  £q ! = min.
which destroys the previous techniques or a t  l e a s t  makes them more complica­
ted .  The degree of the n o n l in e a r  e q u a t io n s  may be doubled.  The r e c u r s i v e  
subdivision must proceed more carefu l ly  not to miss the point,  etc. Subs t i tu ­
t ion  in to  an impl ic i t ised  equation also may give fa lse  r e s u l t  in these cases.
In Section 12 we propose an a l t e rn a t iv e  method for dq-patches, which i s  based 
on the property th a t  every parameter l in e  of a biquadratic  patch determines a 
plane. Apart from the degenerate cases, where only i t e r a t i v e  methods can help, 
t h i s  means the solution of a six  degree polynomial.
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Consider ing s t r a i g h t  l i n e  -  p a r a m e t r i c  patch in te rsec t ion  there  i s  a strong 
s im i la r i ty  to the inversion problem.
(2.5) &(t) = r (u ,v )
The above vector equation means three scalar  equations with three unknowns. 
Making a special transformation on both sides, &(t) can be wri t ten  as
(2.6) £ ( t )  = { x = x0 , y = yQ, z = z0 + z1 t  }
This  always can be done. Taking t h e  x,y e q u a t io n s  we ob ta in  again  n o n l in e a r  
equations with two unknowns u and v, leading us to  the inversion problem and 
the  same tech n iq u es .  After  g e t t i n g  the  ( u ,v ) - s ,  the  z -eq u a t io n  g ives  the  
desired t  value.
For quadratic patches we can apply again the  previous algebraic elimina­
tion method.
(2.7) + q.-| t  = A(v) + £(v) u + £.(v) u2 
Assuming t h a t  &i X A(v) ^0 and q.-| X £.(v) ^0 the  equat ion  can be 
multiplied by these terms re su l t in g
(2.8) (A(v) - űq) (a . 1 X £(v)) + £(v) (Ai X £(v)) u = 0
(2.9) £(v) (a -| X A(v)) u + £(v) (a -| X A(v)) u2 = 0 .
Again, the many special  cases must be t rea ted  carefully.  The general case 
as i s  expected leads to an 8th degree polynomial in v,
Going further  in complexity of parametric curves, the next would be the para­
metric quadratic segment equivalent to a parabola, or b i t  more general ly the 
ra t io n a l  quadratic segment which covers a l l  conic curves. In these cases the
(2.10) &(t) = r(u ,v)
equation becomes a d i f f i c u l t  nonlinear  system of equations in three unknowns
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t ,u ,v .  The best  a l te rn a t iv e s  seem to be here im p l ic i t iz a t io n  of the patch or 
recursive  subdivision.
In case of biquadratic patches the a lgebraic  surface w i l l  be described by 
an 8th degree e qua t ion  in x ,y ,z .  I t  w i l l  have (n+1 )(n+2)(n+3)/6 = 165 
terms. Subs t i tu t ing &(t) into  the im p l ic i t  equation gives only a second 
degree  eq u a t io n  fo r  t ,  but the c a l c u l a t i o n  of the  c o e f f i c i e n t s  i s  
computationally very expensive.
Using s im ila r  a lgebraic  method as previously for eliminating t  and u we 
s t a r t  from the equation below.
(2.11) (űq + &-|t + &2t 2 ) / ( wo+w1t+w2t 2 ) = A(v) + + £.(v)u2
Here we obtain a 20th degree equation in v a t  very high computational 
c o s t .  (The a u th o r ' s  i n t u i t i o n  i s  t h a t  i t  should lead  to  a 16th degree  
one, however t h a t  way i s  not known.) Otherwise  to  solve high degree  
po lynom ia ls  some q u i t e  r e l i a b l e  i t e r a t i v e  methods a re  known in th e  
l i t e r a t u r e .
The recursive subdivision methods work quite  smoothly in th i s  case as well ,  
u s ing  the  p ro p er ty ,  t h a t  i f  a subpatch i n t e r s e c t s  a curve, i t s  convex h u l l  
a l s o  must be i n t e r s e c t e d .  As in  case of  a l l  su r face  su b d iv i s io n s  t h i s  means 
two dimensional i t e r a t io n s  u n t i l  the size of  the convex hull  f a l l s  below the 
given tolerance or u n t i l  the subpatch becomes p rac t ica l ly  planar, which makes 
the in te rsec t ion  simple.
In Section 13 we propose an a l te rna t ive  method for parametric curve -  biquad­
r a t i c  in te rsec t ion ,  based again on the planar parameter l ine  property. In the 
g e n e r a l  case ,  i n t e r v a l - h a l v i n g  i t e r a t i o n  in  r e s p e c t  t o  only one of  the  u,v  
pa ram ete r  va lues  i s  performed. At each s t e p  only v e c to r  and s c a l a r  p ro d u c ts
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are  c a l c u l a t e d  and second degree  po lynomia ls  so lved ,  these  a re  r e l a t i v e l y  
cheap operations. The algorithm i s  valid for a rb i t r a ry  higher degree non-self-  
in te rsec t ing  parametric  curves as well.
1. NOTES ON SURFACE -  SURFACE INTERSECTIONS
Having two s u r f a c e s  S-| and S 2 one would l i k e  a curve with th e  equat ion  n  = 
r ( t ) ,  f o r  which n  l i e s  on both S-] and S2 fo r  a l l  t .  The problem i s  t h a t  a p a r t  
from the  s i m p le s t  p lane -p lan e  and p la n e -q u a d r ic  i n t e r s e c t i o n s  no e x p l i c i t  
p a ra m e t r ic  e q u a t io n  can be found in most cases  in c lu d in g  the p a ra m e t r ic -  
parametric case. Using the im p l i c i t i z a t io n  technique, referred to  in a recent 
paper by Sederberg e t  alJ64], the degree of these in te rsec t ion  curves can be 
determined, however no method i s  known how to ca lcula te  the coef f ic ien ts  of 
these extremely high degree polynomials. (The degree of the in te rsec t ion  curve 
of two bicubic patches is  for example 324.) That i s  why, general ly instead of 
t h i s ,  an approxim at ing  curve i s  de te rm ined ,  based on su cce ss io n s  of p o in ts .  
This i s  the case even a t  quadric-quadric in te rsec t ions ,  thoroughly elaborated 
in the work of Levin and of Solomon [47],[65].
In general,  the process consis ts  of three phases. F i r s t ly ,  a se t  of points has 
to  be c a l c u l a t e d ,  fo r  which £.-[ l i e s  on both S-| and S2 or a t  l e a s t  the  
d i s t a n c e s  of from S-| and S2 a re  w i th in  a given to l e r a n c e .  In the  second 
phase, these  d i s c r e t e  p o in ts  need to  be so r ted  i n t o  an a p p ro p r i a te  o rder ,  
supposing t h a t  t h i s  order does not  obviously  come from the prev ious  s tep .  
Finally , a good (maybe piecewise l inear)  in te rpola t ing  curve must be f i t t e d  
through the consecutive points.
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B a s ic a l l y  we w i l l  d e f in e  f iv e  d i f f e r e n t  approaches to  perforin s u r f a c e -  
s u r f a c e  i n t e r s e c t i o n s ,  based on Sab in 's  c l a s s i f i c a t i o n  in  h i s  review on 
contour ing  [62], However, the  s p e c i a l  a s p e c t s  of c u r v e - f i t t i n g  a re  not 
discussed there. In t h i s  paper, the in te r sec t ion  of plane-parametric , quadric- 
p a ra m e t r ic  and p a ra m e t r i c - p a r a m e t r i c  s u r f a c e s  a re  t a c k le d ,  thus  the  f i r s t  
" d i r e c t  con tour ing"  approach, which uses d i r e c t l y  curve e q u a t io n s ,  i s  ex­
cluded.
The second approach i s  the "conversion to  a regular grid" -  or in other words 
-  the use of in te rp o la t in g  surfaces. This means that  instead of the or ig ina l  
surface a low-degree in te rpo la t ion  through i t s  vert ices  w i l l  be used and small 
sub-pa tches  w i l l  be i n t e r s e c t e d  with  each o ther .  In case of  sm al l  f a c e t s  
t h i s  gives a reasonable approximation of the in te rsec t ion  curve made of small 
s t r a ig h t  l ine  segments.
Recursive subdivision methods[17],[30] are a lso  based on t h i s  approach, basi­
ca l ly  using the convex hu l l  property of most parametric patches. The subdivi­
sion goes u n t i l  the l i t t l e  subpatch becomes almost planar or very small with 
respect  to a given tolerance.  These methods are a lgori thmical ly  simple, how­
ever in the parametric-parametric  case they may become very expensive. Using 
re c u r s iv e  s u b d iv i s io n  th e re  i s  no need fo r  s o r t i n g ,  s ince  th e  i n t e r s e c t i o n  
curves are d i rec t ly  generated proceeding on the interpolated surfaces.  Due to 
the above reasons and the fact th a t  the method i s  independent on the paramet­
r i c  patch type used recursive subdivision becomes more and more popular as 
the references in the l i t e r a t u r e  show [21], [40] , [77], [28] , [22],
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The t h i r d  approach i s  th e  "p a ra m et r ic  g r id "  method, t h a t  i s  th e  c o n s t a n t  u 
and v l ines of one surface are in te rsec ted  with the other surface. Considering 
the  plane-parametric and quadric-parametric cases S-| i s  given in f(x,y,z) = 0 
form, while S2  i s  defined as £. = £.(u,v,). The points  of the in te rsec t ion  curve 
must s a t i s f y  th e  f (x (u ,v ) ,  y(u,v),  z(u,v)) = 0 equa t ion ,  t h a t  i s ,  w i th  given 
Uq a high degree polynomial equation must be solved to obtain the appropriate 
(uq,Vq) p a i r ,  an i n t e r s e c t i o n  p o in t  in  th e  p a ra m e t r ic  p lane .  In most case s ,  
t h i s  leads to numerical solutions. When S-| i s  a lso defined in parametric form, 
constant parameter l in e s  must be in te rsec ted  with the other surface, thus a 
generally  nonlinear system of equations must be solved to get one point [19].
This  approach g e n e r a t e s  sequences of  (u,v) p a i r s .  Unless th e  d e n s i t y  of  the  
pa ram ete r  l i n e s  i s  ex t rem e ly  l a r g e ,  when squared  d i s t a n c e  s e l e c t i o n  can be 
used,  some s o r t i n g  method has to  be a p p l ie d  t o  jo in  the  co n sec u t iv e  p o in ts .  
The s o r t i n g  can be performed e i t h e r  in the  p a ra m e t r ic  plane or in 3D space, 
obtaining the curve points  a f te r  su b s t i tu t in g  (uq,Vq) into the S2  equation.
The fourth approach i s  "contour following", th a t  i s ,  going along each contour 
point  by point, following approximately the t rack of the in te rsec t ion  curve. 
Supposing an in te r se c t io n  point has been found, the next one i s  searched for, 
c lo s e  to  the t a n g e n t i a l  d i r e c t i o n  a t  th e  s t a r t i n g  po in t .  This can be c a l c u ­
l a t e d  by the v e c to r  p roduct  of the  normal v e c to r s  of S-| and S2  or by l i n e a r  
e x t r a p o la t i o n  of  th e  p rev ious  p o in t s .  E i t h e r  some vers ion  of  the  Newton- 
Raphson method must be used to obtain points  on both surfaces within a t o l e ­
rance  or some a d d i t i o n a l  c r i t e r i o n  must be app l ied  to  ensure  t h a t  the  
d is tances  from the surfaces do not grow beyond a reasonable l im i t .  Alterna­
t iv e s  can be found in [60], [48] and [26]. The most important feature  of th i s
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method i s  i t s  s im p l ic i ty ,  no sor t ing  i s  peeded, however i t s  convergence and 
the  problem of f i n d in g  a l l  s t a r t i n g  p o i n t s  fo r  the con tou rs  may cause 
d i f f i c u l t i e s .
As to  the f i f t h  basic  approach, the l i t e r a t u r e  contains several " leas t  square 
minimisation algorithms", i.e. the square d is tance between the variable points  
on each surface i s  minimized. (One valuable example i s  B u t te r f ie ld ’s th e s is  
[16] .) In t h i s  case  inaccuracy  and la rg e  com puta t iona l  c o s t  when th e r e  a re  
many datapoints are the main drawbacks.
After t h i s  b r ie f  review, some specia l  considerations on surface-surface i n t e r ­
s e c t i o n s  in an u p - t o - d a t e  v o lu m e t r ic  m ode l le r  w i l l  be p resen ted .  The most 
important i s  th a t  the en t i re  range of these geometric in terrogat ions  must be 
supplied for  a l l  types of surfaces.
The s u r f a c e - s u r f a c e  i n t e r s e c t i o n  curves may become p a r t  of  the  model. The 
curves ,  on which edges l i e ,  must  g e n e ra l ly  s a t i s f y  t a n g e n t i a l  c o n t in u i ty .  
Consequently, piecewise l inear  in te rpo la t ion  of curves, which i s  acceptable in 
most g raph ic  and NC machining a p p l i c a t i o n s ,  a re  not s u i t a b l e  fo r  a s o l i d  
modeller. Smooth approximation of the in te rsec t io n  curves must be generated. 
The approximating curve must be as good as possible  in the sense that  i t  must 
run as close to both surfaces as possible. That i s ,  not only the points of the 
c u r v e - f i t t i n g  a lg o r i th m  need to  l i e  on both s u r f a c e s ,  but  f u r t h e r  l o c a l  
cons t ra in ts  (tangency,curvature), using the geometry of the surfaces, must be 
s a t i s f i e d  to  gu a ran tee  the b e s t  approximat ion .  The f i t t e d  curve must have a 
non-uniform c h a ra c te r i s t i c ,  since the distances between the consecutive i n t e r ­
section points are very unl ikely to  be evenly spaced.
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Generating a very f ine  grid or choosing a very small step length would r e s u l t  
in too many data p o in ts , th a t  i s  too many curve-segments along the in te rsec t ion  
curve. This would mean th a t  the in te r sec t ion  procedure i s  not only very t ime- 
consuming, but the storage needed for the data of an average object  with f r ee ­
form faces would grow extremely large.
One way of overcoming t h i s  i s  t o  use a b a s i c a l l y  coarse  g r i d  and a more 
sophist icated so r t in g  technique with the above mentioned cu rv e - f i t t in g  method. 
Another way of  reduc ing  the  number of curve-segments  i s  to  in t roduce  some 
adaptivi ty  into the c u rv e - f i t t in g  procedure and conca tena te  the  consecu t ive  
curve-segments, i f  i t  i s  possible without exceeding the given tolerances. In 
g e n e ra l  d i r e c t  methods are  p r e f e r r e d  r a t h e r  than num er ica l  ones. In most 
cases,these e l im ina te  the convergence problems and work with higher eff ic iency  
than i te ra t iv e  algorithms.
A sp e c i a l  su r fa ce  i n t e r r o g a t i o n  method, based on the above c o n s i d e r a t i o n s ,  
which i s  p a r t i cu la r ly  e f f ic ie n t  in case of double-quadratics w i l l  be described 
in Section 14.
4. TWO-OPERAND OF.OMRTRTC INTERROGATIONS
Two elements are always involved in INTJ-type geometric in terrogat ions:  t h e i r  
rela t ionship  or t h e i r  common subset are to be determined. The two operands can 
be v e c to r s ,  cu rves  and su r f a c e s ,  these  c o n s t i t u t e  the  g e o m e tr ic a l  d a t a -  
s t ruc ture  of a boundary representat ion.
Here we are concerned with introducing free-form geometry in to  a conventional 
boundary modeller, thus in terrogat ions  where one of the operands i s  a dq-curve 
or a dq-surface  w i l l  be d esc r ibed .  The o th e r  operand can be a v e c to r ,  a
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s t r a i g h t  l i n e ,  a conic  segment, a p lane ,  a q u a d r ic  su r fa ce  and ano the r  dq- 
curve or dq-surface. S t ra ig h t  l ines ,  conic segments, dq-curves and dq-surfaces 
a re  given in p a ra m e t r ic  form, while  p lan es  and q u ad r ic s  a re  de f ined  by 
im p l ic i t  equations (see next section).
The r e s u l t  of the in te rrogat ions  can be one of the following types:
1. empty se t  -  there  i s  no common par t  of the two geometric elements
2. co inc idence  -  the  two g eom etr ic  e lem ents  co in c id e  f u l l y  or 
p a r t i a l l y ,  fo r  example a dq-curve l i e s  in  the  plane  involved  or some 
segments of the curve l i e  there
3. cu rv ep o in t  -  th e  r e s u l t  of  th e  i n t e r r o g a t i o n  in r e s p e c t  t o  a 
curve-type geometric element i s  a parameter value u, which deter­
mines a unique point  on the curve
4. s u r f a c e p o in t  -  the  r e s u l t  of  the  i n t e r r o g a t i o n  in r e s p e c t  to  a 
surface-type geometric element i s  a (u,v) parameter pair ,  which determines 
a unique point on the surface
5. i n t e r s e c t i o n  curve - in case of  s u r f a c e - s u r f a c e  i n t e r r o g a t i o n s  
(see  Sec t ion  14) the  r e s u l t  can be one or more continuous curves .  In 
s imple  cases  the  curve equat ion  can be expressed  e x p l i c i t l y ,  but wi th  
free-form geometry only a sequence of d i sc re te  in te rsec t ion  points can be 
determined.In t h i s  chapter the  method of  f in d in g  the  i n d iv i d u a l  s u r f a c e -  
p o in t s  and the  " s o r t i n g "  of these  p o i n t s  w i l l  be d e sc r ib e d ,  whi le  the  
problem of f i t t i n g  the possible best  approximating curve to these points 
i s  discussed in  the next chapter.
The a c tu a l  ou tput  of th e  geometr ic  i n t e r r o g a t i o n s  i s  a l i s t  of  the  above 
e lem ents .  Quite  f r e q u e n t ly ,  not only a l i s t  of  c u rv e p o in ts  or s u r f a c e p o in t s
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are returned, but a lso  a l i s t  of so -ca lled  p o in tp a irs , where the  values in respec 
go both operands a re  supplied.
The table below summarizes the possib le  r e s u l t  types of in te r roga t ions  between 
double-quadratics and other geometric elements.
VECTOR STRAIGHT+
CONIC
Da
CURVE
PLANE+
aUADRIC
Da
SURFACE
Da
CURVE 1 or 3
1,2
or
(34- 3)
1,2
or
(3 + 3)
1,2 or 3
1,2
or
(3 + 4)
DQ
SURFACE 1 or 4
1,2
or
(3 + 4)
1,2
Or
(3+4)
1,2
or
(a sequence 
of 4 —  5 )
1,2
or
(a  sequence 
of4+4 5)
TABLE 1.
^  SIMPLE GEOMETRIC ELEMENTS 
iLJL. VECTOR
(5.1.1)  x  = (x,y,z)
A vector i s  defined by i t s  three Cartesian coordinates or by i t s  homogeneous
coordinates
(5.1.2) v. = (x,y,z,w)
where r e tu rn  to  th e  C a r te s ian  space must be done by d iv id in g  w i th  the  term 
w, i . e .
(5.1.3) X. -  ( x/w , y/w , z/w )
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^Zx. STRAIGHT LINZ
(5 .2 .1)  r ( t ) [X(t) Y(t) Z(t) W(t)] = [ t  1 ] 0
1
A s t r a i g h t  l i n e  i s  g iven  in p a ra m e t r ic  form, the  f i r s t  row c o n ta in s  the  
d i r e c t i o n  v e c to r ,  th e  second row i s  a p o in t  on th e  l i n e .  Both a re  given w i th  
t h e i r  homogeneous coordinates for consistency with conics. A s t r a ig h t  l ine  can 
be bounded by r e s t r i c t i n g  the parameter value to  run from t-| to  t 2 *
5*1* . CONIC SEGMENT
( 5 .3 .D  r ( t )  = [ X(t) Y(t) Z(t) W(t) ] = [ t 2 t  1]
Px py Pz Pw
Px qy Qz Pw
rx ry rz rw
A conic segment i s  a lso given in parametric form with homogeneous vectors. The 
type of  the conic  i s  de te rmined  by the pw,q w, r w v a r i a b le s .  I t  can be e a s i l y  
proved that  depending on whether 4rwpw i s  smaller,equal  or g rea te r  than qwqw 
the  curve i s  an e l l i p s e ,  a parabola or a hyperbola, respect ively [32].
In case of parabolas and e l l ip se s  the t  parameter may run from minus to plus 
i n f in i t y ,  however in case of hyperbolas only a ( ^ l ^ h ^  i nterval  i s  va l id ,  
where t h<| and t ^  are  the roots of the pwt^+qwt+ r w = 0 equation. For most dq 
geometric in te r rogat ions  we use a bounded parametric in te rva l  for parabolas 
and e l l ip se s  and we also t ighten the in te rva l  of the hyperbolas. (One way of 
doing th is  i s  to  form an enclosing sphere around the other geometric element 
and find the conic -  sphere in te rsec t ion  points  (see Section 11) ).
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5j íl . p i m
(5.4.1) [ X Y Z
A
B 0
C
D
A plane  i s  d e sc r ib ed  in the form of  an i m p l i c i t  equat ion .  (A,B,C) i s  the  
surface normal, D i s  the  signed distance of the plane from the or ig in .
5^5^. QUAPP1C
(5.5.1)
a e f  g X
[ X Y Z 1 ] e b h i Y
f  h c j Z
_g i  j  d 1
A general quadric surface is  defined in the form of the above im p l ic i t  equa­
tion.  The type of the quadric i s  determined by the 10 quan t i t ie s  of the matrix 
(see  [47] or [65] ). The su r fa ce  normal a t  a given (X,Y,Z) p o in t  can be 
calculated by
(5.5.2) n = [ X Y Z 1 ]
a e f  g 
e b h i  
f  h c j 
g i  j  d
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fu . DOUBLE-QUADRATIC CURVES
6.1. Equation
The double-quadratic curves are piecewise parametric curves, the consecutive 
curve-segments jo in  together with s lope-continuity .  Dq-curves in te rpo la te  n+1 
p o in t s  -  , i  = 0 ,1 , . . .n .  An a r b i t r a r y  cu rvepo in t  £  i s  defined by i t s
parameter value U, where ENTIER U gives the segment number, FRACTION U gives 
the  l o c a l  pa ram ete r  value w i th in  the  segment.  A dq-curve  can be c lo sed ,  
assuming th a t  £q = and slope continuity  i s  also s a t i s f i e d  there.
Each individual curve-segment i s  represented by i t s  endpoints and i t s  tangent 
vectors. These vector q u an t i t ie s  are  blended by the double-quadratic blending 
functions as was w r i t ten  in the previous chapter. Here only the most important  
equations are  repeated for fur ther  reference:
2
FIG.6.1.
^A
(6 . 1 . 1) r (u )  = [1 u u2 ] [ Qu ]
^A
u = {Uj-0.5
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where
and
-0.5  <= u <= 0.5
0.5 0.5 0.125 -0.125
-2 2 -0 .5 -0.5
f - 2
2 -1 .5 -0.5
l  2 -2 0.5 1.5
—A
FIG.6.2.
( r A, Hß r e p r e s e n t  th e  beginning and ending p o s i t i o n  v e c to r s ,  £ A, £ B the 
tangent vectors. The u parameter value runs from -0.5 to 0.5. The th ird  or the 
fourth row of the sign-dependent Qu matrix wil l  be taken depending on the sign 
of the u-value.)
Each dq-curve segment i s  made of two quadratic pieces (parabolas), which can 
be twisted a t  the midpoint (u=0).
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6.2 .  Character is t ic  polvRon
A B ez ie r - type  c h a r a c t e r i s t i c  polygon can be c o n s t ru c ted  fo r  the  d o u b le ­
quadrat ic curves, preserving the most s i g n i f i c a n t  m athem atica l  b e n e f i t s  of 
th a t  form, such as convex-hull property, simple control for design, s t r a i g h t ­
forward d e te rm in a t io n  of the  s ign  of c u rv a tu r e  a t  the  endpo in ts  and the  
conditions for having loops and in f lec t ion  e tc .  (See Chapter I I . )
FIG.6.3.
Here the vectors of th is  polygon are
( 6 . 2 . 1) Lq = r A, r-| = r A + 0 .25  r A,
r 2 = n B -  0.25 £ g , r 3 = r B
I t  should be noted,  t h a t  the  midpoint  of th e  dq-curve i s  i d e n t i c a l  t o  the  
midpoint of the c h a rac te r i s t i c  polygon nM, th a t  i s
(6 .2 .2 )  = 0 .5  (r.-|+n2) = o .5 ( r A+nB) + 0 .125 ( r A-iiB)
The curve a t  the midpoint i s  tangentia l  to the Z-2  ~ L-\ vector.
(6 .2 .3 )  = 4 (r.2 -  r - |)  = 2 (r.A -  r B) -  0 .5  ( r A + £ B)
83
DQ-INTERROGATIONS
L mI  Vector c o e f f ic ie n t s
At the  geom etr ic  i n t e r r o g a t i o n s  o f  the  dq-curves, the  dq-curve  segments a re  
decomposed in to  quadratic  pieces. In most cases i t  i s  advis ib le  to ca lcula te  
the  vec tor  c o e f f i c i e n t s  of the  q u a d r a t i c  p iece  and then on ly  the  param eter  
v a lu e  o f  i t  m u s t  be s u b s t i t u t e d .  The v e c t o r  e q u a t i o n  based  on t h e  
(£j , L u  ) vector  t r i p l e  i s
(6.3.1)
0 <= uu <= 0.5 .
For the f i r s t  h a l f
uu = {U} and (llj >£j j  ) = ^ A ’-^ -A’-^ -M^ »
for the second h a l f
uu ={U}- 0.5 and (Uj j Uj i j Uj h ) = (£^,£^>£.3 ) •
I*. DOUBLE-QUADRATIC SURFACES P ,33 D
l
FIG.7.1.
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7.1 .  Eqga.t j.on
The double-quadratic surfaces are made up of piecewise tensorproduct paramet­
r i c  pa tches ,  which j o i n  each o th e r  with  t a n g e n t i a l  c o n t i n u i t y .  D q-surfaces  
i n t e r p o l a t e  (n+1) x (m+1) p o in t s  -  , i  = 0,...m; j  = 0, . . .n  -  a rranged
in to  a grid s t ruc tu re .  An a rb i t ra ry  surfacepoint  is  defined by i t s  parameters 
(U,V), where (ENTIER U ,ENTIER V) gives the row and column number of the patch 
involved, while (FRACTION U,FRACTION V) gives the local parameters within th a t  
patch. A dq-surface can be closed, i f  -  by convention -  £ i0 = Eim for a l l  i
= 0,...m and C1 continui ty  i s  sa t i s f ie d  along these boundaries.
FIG.7 .2 .
Each in d iv id u a l  pa tch  i s  d e sc r ib ed  by th e  tensor  p ro d u c t  form of a Coons' 
pa tch  analogouosly  t o  the  b icu b ic  r e p r e s e n t a t i o n ,  t h a t  i s  by 4 p o s i t i o n  
v e c t o r s ,  4 u - t a n g e n t  v e c t o r s ,  4 v - t a n g e n t  v e c to r s  and 4 t w i s t  v e c to r s ;  t h a t  
makes 16 independent vector q u a n t i t ie s  a l together  -  4 a t  each corner. (The u- 
and v-tangents r e l a t e  to the u and v parametric  d i rec t ions ,  respectively.)  As 
in  case of dq-curves, the double-quadratic blending funct ions are used, given 
a lso by means of the sign-dependent dq-matrix.
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The matrix equation of  a dq-patch i s  
(7 .1 .1)
(u = {U}-0.5, v = {V}—0.5)
r (u ,v )  = [ 1 u ] [ Qu ]
C-A A: —VA ClyC
■C-B A) A b A d
A a A c AjvA AjvC
AjB A d AjvC A jvD
[ Qv1 ]
where -0.5 <= u,v <= 0.5 and Qu i s  th e  s ign-dependent  dq -m atr ix  in
Trespec t  to u, Qv i s  i t s  transposed matrix in respec t  to v.
In te rn a l ly ,  each dq-patch i s  made up of four biquadratic  patches, inside the 
dq-patch C1 continui ty  i s  assured.
7 .2 .  Characteris t ic  polyhedron
The analogy between the  c h a r a c t e r i s t i c  polyhedron of d q -pa tches  and the  
bicubic Bezier polyhedron can be drawn eas i ly  as in case of the dq-curves.
FIG.7.3.
-COO = Aa
j= 0 1  = Av + A a '  4
-C1 0  = -C-A + Á/A /  4
A l = A^ + AjA /  4 + A a /  4 + A vA 7 16
_ 8* .
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( 7 . 2 . 1)
^ 3  = r B
J= 0 2  = " ÁjB /  A
Ü13 = rB - rvB / 4
r 12 = r B ” ÁjB /  4 + ^vB /  4 -  ÄjvB /  16
e tc .
(7.2.2) rMui = ( un + r i2 ) / 2 ,
( 7 .2 .3 )  í^ ví  = ( r- i i  + r 2 i  ) /  2 ; i  = 0 , 1 , 2 , 3
(7.2.4) = ( rMul + r^u2 ) / 2 = ( £mv1 + I^v2 ) /  2  -
= ( H-|-j + H-|2 + L -2 1 + H22 ) /  ^ .
The n M, r Mui, £.juivj_ midpoin ts  do not belong s t r i c t l y  to  th e  c h a r a c t e r i s t i c  
polyhedron. They a re  always i n t e r n a l  p o in t s  of the  convex h u l l .  Their r o l e  
i s ,  that  the eas ie s t  way to calcula te  the biquadratic vector coef f ic ien ts  i s  to 
use them.
I t  should a lso  be noted here, tha t  the r^  midpoint i s  id en t ica l  to  the surface 
midpoint at  (u=0,v=0) and the surface i s  tangentia l  to the plane determined by 
the r Mu2 -  r Mu1 and r Mv2 -  r Mv1 vectors.
7.3 .  Vector coef f ic ien ts
For the  geom etr ic  i n t e r r o g a t i o n s  of the  d q - su r f a c e s ,  th e  dq-patches  a re  
decomposed into  biquadratic  pieces. In most cases i t  i s  advisable  to ca lcula te  
the vector c o e f f ic ien ts  of the biquadratic  piece and then only the u,v values
must be subs t i tu ted .
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The equation i s  given in the following form
(7 .3 .D
vv.2
where 0 <= uu,vv <= 0.5 and
■ ^ 0 0  ^ 0 1  *k)2
(7 .3 .2) [ A ]
Ä 1 0  a 1 2
— 2 0  ^ 2 1  — 2 2
For the f i r s t  q ua r te r  uu ={u}and vv ={Vjand the a.^ vectorcoeff ic ien ts  w i l l  be 
calculated using the
m a t r ix .  In a s i m i l a r  way, in  the  second q u a r t e r  -  uu ={U}-0.5, vv = {V} in the  
t h i r d  -  uu ={U]> vv ={V}-0.5 and in  the  fo u r th  -  uu = {U}- 0.5,vv ={V}- 0.5. The 
Rll,  Rj j j  and Rjy matrices can be obtained by se lec ting  the appropriate nine 
vectors of the generalized c h a rac te r i s t i c  polyhedron.
Having the Rj, matrix A can be determined by
-RlO £ 0 1  AvO
(7.3 .3) r 10 r 11 Alv1
AuO Alul A
[ A ] = [ B ] [ R± ] [ BT ]
where
1 0  0
(7.3 .4) [ B ] = - 4 4 0
4 - 8  4
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In p rac t ice ,  due to the s im p l ic i ty  of matrix B (zero elements, constant fac­
t o r s )  -  the  a^j v ec to r  c o e f f i c i e n t s  are  c a l c u l a t e d  by t a k in g  account  of  
s i m i l a r  c o n s i d e r a t i o n s  as in  th e  case of dq -cu rves  (see  (6.3.1)) i n s t e a d  of 
performing matrix m ult ip l ica t ions .
GLOBAL TESTS
A very im p o r tan t  i s su e  for  geom etr ic  i n t e r r o g a t i o n s  i s  t o  achieve lo w e s t  
computation times possible. One way of doing th i s  i s  to perform global t e s t s  
to decide whether the two geometric elements in te r f e r e  a t  a l l .  In most cases 
th i s  means tha t  the geometr ically  complex elements are covered by surrounding 
boxes (or spheres ;  and f i r s t  th e  simple  g e o m e tr ic  e lem en ts  with boxes, or 
boxes with boxes are checked for  interference. I f  there i s  none, we know th a t  
the r e s u l t  i s  "empty", i f  there i s ,  we perform the actual in terrogat ing calcu­
l a t io n s .
In case  of  dq-curves and d q - s u r f a c e s  boxes a re  most ly  p r e f e r r e d  i n s t e a d  of  
spheres due to the i r  computational simplic i ty . Spheres would re su l t  in second 
degree im p l ic i t  equations and also much bigger coverage, which would reduce 
the  advantage gained by the  g lo b a l  t e s t s .  I t  must be kept  in mind t h a t  th ese  
prel iminary t e s t s  have to  be computationally very cheap, otherwise they lead 
to  j u s t  the  oppos i te  e f f e c t  one may expect .  In  case  of dq-s  xyz-boxes a re  
used,  t h a t  i s  the  bounding p lan es  are  o r thogona l  to  the  x ,y ,z  ax is .  These 
boxes are characterized by two points  lying on a box diagonal, which runs from 
(xmin,ymin,zmin) to  (xmax,ymax,zmax). As i t  i s  well-known, the  convex h u l l  
property for  parametric quadratics consequently for double-quadratics as well  
i s  s a t i s f i e d .  Crea t ing  the  c h a r a c t e r i s t i c  polygons and polyhedrons f o r  th e  
dq-s  (see  Sec t ion  6.2 and 7.2) we g e t  a s e t  o f  p o i n t s  { } , which must  be
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covered by an xyz-box, tha t  i s
{ Yi> zi i  = 1, 2 , . . . .n
xmin = MIN xi , xmax = MAX xi ,
(8.1) ymin = MIN yi? ymax = MAX y±>
zmin = MIN zt , zmax = MAX zi
Since dq-curves and dq-surfaces are  given in piecewise form global t e s t s  are 
general ly performed a t  two levels .  The f i r s t - l e v e l  box w i l l  cover the whole 
dq-surface (dq-curve). I f  the interference-check i s  posi t ive ,  we create small 
boxes around the  i n d iv i d u a l  b i q u a d r a t i c s  ( q u a d ra t ic s )  and perform t e s t s  a t  
t h i s  second level.  These select  the patches (segments) where in te rsec t ion  may 
possibly occur. In simple cases t h i s  second-level check w i l l  not be performed 
on the supposition t h a t  i t  would be more expensive than the actual  interroga­
t ion .
Table 2. shows th e  n ecessa ry  g lo b a l  t e s t s  fo r  dq-s  w ith  o th e r  geometr icons.  
(j> -  means, t h a t  i t  i s  not worth  to  perform a g lo b a l  t e s t  fo r  one p iece ,  
-  means, the  same t e s t  w i l l  be made for  th e  box surround ing  the  s in g l e  
patches. The "quadratic cuts box" case i s  equivalent to the " s t ra igh t  or conic
cuts box" case, with parametric in te rv a l  [0,0.5].
VECTOR STRAIGHT CONIC DQ-CURVE PLANE QUADRIC DQ-SURF.
DO.
Point
in
dqcbox
Straight 
cu ts  
dqc box
Conic
cuts
dqcbox
Dqcbox
cu ts
dqcbox
Plane
cu ts
dqcbox
Quadric
cu ts
dqcbox
Dqcbox
cuts
dqcbox
URVE
0 0 0
Quadratic
cuts
dqcbox
0 0
Quadratic
cuts
dqcbox
DO
Point
in
dqsbox
Straight
c u t s
dqsbox
Conic
cuts
dqsbox
Dqcbox
cuts
dqsbox
Plane
cu ts
dqsbox
Quadric
cuts
dqsbox
Dqsbox
cuts
dqsbox
JRFACE
* * * Quadraticcuts
dqsbox
* X *
Table 2.
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Therefore six basic cases remain:
1. point  in box
2 . s t r a ig h t  cuts box
3 . conic cuts  box
4. plane cuts  box
5. quadric cuts box
6 . box cuts  box
Before going into d e ta i l s ,  some notat ions w i l l  be introduced. A box B i s  given 
by
B = (xmin, xmax, ymin, ymax, zmin, zmax) .
I t  has 8 boxpoin ts ,  denoted by BP( i ), 12 boxedges (bounded s t r a i g h t  l i n e  
segments), denoted by BE(i) and 6 boxplanes, denoted by BPL(i), which a l l  w i l l  
be used l a t e r  for d i f f e r e n t  te s t s .
Due to  th e  com puta t iona l  i n a c c u r a c i e s  f r e q u e n t ly  experienced  in g eo m e tr ic  
modelling, boxes fat tened by a l i t t l e  rea l  number or in other words toleranced 
i n e q u a l i t i e s  w i l l  be in t roduced .  In s te ad  of  a < b , a > b the  %< , %> 
operators (BUILD) wil l  be used, tha t  is
a %< b means a -  l i t t l e r e a l  < b
a %> b means a + l i t t l e r e a l  > b
8.1 Point in box
The p o in t  £  = (x ,y ,z)  l i e s  in s id e  the box B i f  the  co n d i t io n  below i s  
s a t i s f i e d .
xmin %< x AND xmax %> x
AND ymin %< y AND ymax %> y
AND zmin %< z AND zmax %> z
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8.2 Stra ight  cuts box
’he l i n e  segment L.(t) given in th e  (5.2.1) p a ra m e t r ic  form w i th  p a ra m e t r ic  
. n t e r v a l  [t-^, t^ ]  c u t s  the  box B or l i e s  e n t i r e l y  w i th in  i t  i f  the  c o n d i t io n  
)elow i s  s a t i s f ied .
L.(0.5(t-L-»-tj )^) i s  i n s i d e  the  box OR fo r  a t  l e a s t  one boxpoint  
BP(i) i t  h o l d s , t h a t  the  n e a r e s t  p o in t  of L(t)  to  BP(i) denoted 
LCt-j )^ i s  i n s i d e  B and t^  %< t^  %< t^ .
8.8 Conic cuts box
The conic segment C(t) given in the (5.3.1) parametric form, with parametric 
i n t e r v a l  [ t^ ,  t ^  ] c u ts  the  box B or l i e s  e n t i r e l y  w i th in  i t  i f  the  
condition below i s  sa t i s f ie d .
CXO.Stt^+t^)) i s  i n s i d e  the  box OR fo r  a t  l e a s t  one boxplane 
BPL(i) th e  i n t e r s e c t i o n  of  the  conic  and BPL(i), denoted £ ( i )  i s  
inside B and t^ %< t^ %< t h
8.4 Plane cuts box
The plane PL(x,y,z) given in the (5.4.1) impl ic i t  form cuts the  box B, i f  the 
condition below i s  s a t i s f i e d .
For a t  l e a s t  two d i f f e r e n t  boxpoints  BP(i) and BP(j) the  signs of 
the i r  d is tances  from the plane are d i f fe ren t  or with other words, 
there i s  a t  l e a s t  one boxpoint which i s  "above" and another which 
i s  "below" the p lane ,  viewing i t  from the o r i g in .
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ÜL5. Quadric cuts
The quadric Q(x,y,z) = 0 given in the (5.5.1) im p l ic i t  form cuts  the box B or 
l i e s  en t i r e ly  within i t  i f  the condition below i s  s a t i s f i e d .
An a rb i t r a ry  point  of the quadric i s  inside B OR for a t  l e a s t  one 
boxedge BE(i) the in te rsec t ion  point  of Q and BE(i) i s  inside  the 
box. (Quadric -  s t r a ig h t  l ine  in te rsec t ion  means only the so lut ion 
of  a second-degree  equat ion  in t ,  s u b s t i t u t i n g  (5.2.1) i n t o  
(5 .5 .1 ) . )
8.6. Box c u ts  box
The box B-| cuts  the  box B2 or e i th e r  of them l i e s  in the in te r io r  of the other 
i f  the condition below i s  s a t i s f i e d .
The (xmin-p xmax^) -  (xmin2 , xmax2 )
AND the (ymin-p ymax^) -  (ymin2 , ymax2)
AND the (zmin-p zmax-]) -  (zmin2 , zmax2) in te rv a ls
are overlapping. (Two in te rva ls  are considered to be overlapping
i f
min2 <= min-j <= max2 OR min-  ^ <= min2 <= max-j 
ho ld s . )
q. VECTOR -  DQ-CURVE INTERROGATION
Given a £  = (xQ,y0 ,ZQ) v ec to r  and a dq-curve dqc(u). Assuming t h a t  the  "po in t  
in dqcbox" t e s t  i s  pos i t ive ,  we want to find the Uq parameter value for which
(9 .1 )  dac (u 0 ) = £  .
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Quite f r e q u e n t ly  th e  £  vec tor  i s  a r e s u l t  of  p rev ious  com puta t ions ,  so 
s t r i c t l y  speaking £  w i l l  not l i e  on the curve ,  even i f  i t  should, due to  
inaccuracy  problems. That i s  why the  task  to  be solved i s  s e t  up in a 
d i f f e r e n t  way -  f ind the nearest  dq-curve point to £ .  I f
(9.2) I dacCug) -  £  ! < tolerance ,
then consider Uq a good curvepoint, otherwise the r e s u l t  i s  "empty".
Decomposing the dq-curve into quadratic  pieces, the i - th  r ^ t )  w i l l  be given 
in the following form (see 6.3)
(9.3) r.j_(u) = a2 u2 + a.-, u + a^ 0 <= u <= 0.5 
(This may describe a s t ra ig h t  l in e  or a parabola.)
For the  n e a re s t  p o in t  to  £, the  £  -  .t^ U q) vec to r  must be or thogonal  t o  th e  
tangentia l  d i rec t ion  a t  Ug or £  -  h ^í Uq) must be nul lvector .  Therefore
(9.4) ( £  -  r ^ u )  ) r.j_(u) = 0
This gives an a t  most th ird  degree equation in u. The roots which l i e  within 
the given parametric in terval  w i l l  be selected for fur ther  examination u n t i l  
we find the curvepoint,  which s a t i s f i e s  the tolerance c r i t e r io n .
1£^ _CURVE -„DQ-CURVE INTERROGATION
Given a s t ra igh t  l i n e  or a conic segment or a dq-curve to be in tersected  with 
ano the r  dq-curve.  A f te r  execu t in g  the  " s t r a i g h t  c u ts  dqcbox", "conic c u t s  
dqcbox" or "dqcbox cuts  dqcbox" global te s t s ,  respect ively and assuming they 
are posit ive, the dq-curve(s) are decomposed in to  quadratic pieces (see 6.3).
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Depending on whether the quadratic  equation represents  a s t ra igh t  l in e  or a 
parabola, elementary in te rrogat ions  between " s t ra ig h t  and s t ra ight" ,  " s t r a ig h t  
and conic" and "conic and conic" w i l l  be made.
In case  of " s t r a i g h t  and s t r a i g h t "  the two l i n e s  must a lways have a common 
plane, assuming t h e i r  in te r se c t  each other. In the remaining two cases copla­
nar i ty  t e s t  must be executed a t  f i r s t .  I f  the two curves are not coplanar the 
possible in te rsec t ion  points can be obtained by in te rsec t ing  the conic-plane 
with the other -  s t r a ig h t  l ine  or conic -  segment. (This means simple s u b s t i ­
t u t i o n  o f  5 .2 . 1  or 5 . 3 . 1  i n to  th e  5.4.1 equa t ion ,  r e s u l t i n g  a l i n e a r  or second 
degree equa t ion  fo r  the  param eter  of the  i n t e r s e c t i n g  curve.) I f  the  two 
curves  a re  cop lanar  the  case i s  more d i f f i c u l t .  A q u ad r ic  su rface  w i l l  be 
constructed, which contains the conic and th a t  w i l l  be in tersected with the 
other -  s t r a ig h t  or conic -  segment. (Here subs t i tu t ion  of 5.2.1 or 5.3.1 in to  
the  5 . 5 . 1  equa t ion  le a d s  to  a second degree or a f o u r th  degree equa t ion  in 
respect to  the parameter of the in te rsec t ing  curve.)
I t  must be emphasized t h a t  the  c o p la n a r i ty  t e s t s  must a l s o  be performed by 
using tolerances . The l a t t e r  mentioned coplanar case i s  a lso  solved by curve- 
surface in te rsec t ion  instead of in te rsec t ing  in plane to  avoid the to lerance  
problem, when two curves run very closely to  each other, but mathematically 
they do not i n t e r s e c t  each o th e r .  In the chosen way, the  t o le r a n c e  o r i e n t e d  
vector -  curve in te rrogat ion  w i l l  give the correct  answer, whether the poss i ­
b le  i n t e r s e c t i o n  p o in t  r e a l l y  r e p r e s e n t s  an i n t e r s e c t i o n  po in t  of the  two 
curves. Of course, both curvepoints must be checked,whether they f a l l  in to  the 
corresponding parametric in te rva ls .
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11. PLANE - DQ-CUUVE AND QUADRIC -  DQ-CURVE INTERROGATIONS
Given a plane or a quadric  s u r f a c e  to  be i n t e r s e c t e d  w ith  a dq-curve.  A f te r  
executing the "plane cuts dqcbox" or the "quadric cuts  dqcbox" global t e s t s ,  
i f  chey are pos i t ive ,  the dq-curve w i l l  be decomposed into  quadrat ic pieces as 
p re v io u s ly .  S u b s t i t u t i n g  the  5.3.1 equat ion  i n t o  5.4.1 or 5.5.1 we o b ta in  a 
second degree or fourth  degree equation for the unknown parameter values. The 
roots  must be checked, whether they f a l l  into the given parametric in te rval .
12. VECTOR -  DQ-SURFACE INTERROGATION
Given a £  = (x,y,z) vector and a dq-surface das(uTv). I t  i s  assumed to be non- 
s e l f i n t e r s e c t i n g  and i t  i s  a l s o  assumed t h a t  the  f i r s t  d e r i v a t i v e s  e x i s t  
everywhere. Assuming tha t  the "point in dqsbox" t e s t  i s  posi t ive ,  we want to 
find the (u q , Vq ) parameter values for  which
( 1 2 . 1 ) dfl£(u0 ,vQ) = £
Instead of th is  -  due to the inaccuracy problems previously described -  we 
have to use the condition below
( 1 2 . 2 )  ! dqs(uQTVq ) -  £  I = minimum
I f  th e  n e a re s t  d i s t a n c e  i s  s m a l l e r  than the  t o l e r a n c e  we have got ( u q ,Vq ) ,  
otherwise the r e s u l t  i s  empty.
The dq-surface i s  decomposed in to  biquadratic  subpatches (see 7.3) and for the 
corresponding boxes we again perform the "point in dqsbox" t e s t s .  When i t  i s  
p o s i t i v e ,  we look for  the  n e a r e s t  poin t  of t h a t  b i q u a d r a t i c  patch.  This 
procedure i s  terminated when the f i r s t  (uq ,Vq ) i s  found.
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The a lg o r i th m  to  be p re sen te d  i s  based on th e  f a c t  t h a t  fo r  each c o n s t a n t  
p a ram ete r  l i n e  of a b i q u a d r a t i c  patch a p lane  may be c o n s t ru c ted  which 
contains i t .  Let us suppose th a t  the biquadratic patch i s  given in the form of
(12.3) jl(u , v) = A(u) + £(u) ■ v + C(u) • v2
0  <= u,v <= 0 . 5
The normal of a u-constant plane can be constructed as follows.
CASE 1. I f  the u-constant parameter l ines  of the patch are "real1' quadrat ics ,
i . e .  J3(u) X C(u) tO ( they  a re  not p a r a l l e l  and C(u) 10 ) the  normals of th e s e  
"parabola planes" are
(12.4) n(u) = £(u) X C(u)
(Note t h a t  i f  the re  a re  d i s c r e t e  uQ values f o r  which the  above e x p re s s io n  i s  
zero, instead of i t ,  the l im i t  value below -  using L’Hospital 's rule  -  must be 
taken
(12.5) Ho(uO) = lim (£ (u) x £(u)) /  ! £(u) X C(u) I ).
u - * u 0
CASE 2. I f  the u - c o n s ta n t  pa ram eter  l i n e s  a re  a l l  l i n e a r ,  i . e .  £(u) X C.(u) = 0 
fo r  a l l  u in  the  given p a ra m e t r i c  i n t e r v a l ,  th e  normal can be c a l c u l a t e d  as
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the vectorproduct of the surface normal a t  a fixed Vq and the parameter l in e  
d irec t ion  v e c to r ,  i . e .
(12.6) ü(u ,v0) = r u ( u ,v 0 ) X nv(u,v0)
ű(u) = ü ( u ,Vq) X £(u)
Having the normal, the  plane equation as a function of u i s
(12.7) ű(u) (A(u) -  (x ,y ,z ) )  = 0 ,
where A(u) i s  obviously a point of the plane.
IF £  i s  on the surface  or very c lose  to  i t ,  there w i l l  be a parametric plane, 
which c o n ta in s  i t  (see  Fig. 12.1). This i s  so, s ince  the  above plane i s  
varying continuously as u runs from 0 to 0.5. These planes occupy a continuous 
p a r t  of  the space between the  u = 0 and u = 0.5 p lanes .  This c e r t a i n  u value 
can be obtained  by s u b s t i t u t i n g  £  i n t o  the  ( 1 2 . 7 ) eq u a t io n  and so lv ing  the  
polynomial  in u. A f te r  the  p lane  and by means of i t  the  n e a r e s t  u c o n s ta n t  
pa ram eter  l i n e  i s  de te rmined ,  th e  corr respond ing  v value can be c a l c u l a t e d  
finding the "nearest  point" on the
(12.8) £(v) = A(u0) + £ ( uq) v + £ ( uq) v2
quadrat ic in the same way as we did in Section 9.
The selection whether the f i r s t  or the second case holds must be done before 
we calculate  the ac tual  co e f f ic ien ts  of the(12.7)equation. I f  u or v represent  
the  " rea l"  q u a d r a t i c  case ,  we apply  case 1 , which w i l l  g iv e  a 6 th degree 
equat ion  (12.7). (The process  goes s i m i l a r l y  for  v, i f  we swap the r o l e  of  u 
and v in the p r e v io u s  equat ions . )  I f  both u and v a re  l i n e a r ,  t h a t  lead s  to  a 
simple 3 rd degree equation.
Special care must be taken to  handle the s l ig h t ly  degenerate patches where 
the surface-normal and the parametric plane normal are almost p a ra l le l .  
(This must be checked a t  each ( u q ,Vq ).)
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N( u0,v0 )
FIG. 12.2.
As the  above f i g u r e  shows, here  the  angle  between n(ug) and H(uq,Vq) i s  
r e l a t i v e l y  sm a l l  and h (uq,Vq) w i l l  not  g ive  the  n e a r e s t  p o in t  on th e  
surface. Insp i te  of th i s  in most cases the distance to the surface w i l l  be 
within tolerance and ( u q ,Vq ) wil l  be accepted. Otherwise, t h a t  i s  in the 
case  of  p o in t s  which a re  not  too c lo se  and /o r  r e l a t i v e l y  sm al l  ang les  
between the  norm als ,  an i t e r a t i v e  method i s  suggested fo r  f in d in g  th e  
nearest  u constant parameter line. By in te rva l -ha l f ing  in u a t  each step 
the  d i s tan ce  from the  given param eter  l i n e  and the p o in t  must be c a l c u ­
l a t e d ,  u n t i l  the  n e a r e s t  i s  found. This  method works in the  most 
degenerate case, where the patch i s  planar with parabolic parameter l in e s  
in both parametric directions.
R .  CURVE -  DQ-SURFACE INTERROGATIONS
Given a q.(t) p a ra m e t r i c  curve with p a ra m e t r ic  boundaries t ^ , t h and a dq- 
surface dqs(u,v) with the same assumptions as in Section 12.
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We want to find the  curve-surface in te rsec t io n  points for which 
(13.1) £ ( t 0) = das.(u0 ,v0)
The a lgor i thm  p r e s e n t e d  here  w i l l  work e f f i c i e n t l y  fo r  any type of curve,  
always supposing i t s  in te rsec t ion  with a plane can be simply determined. (This 
i s  the case for s t r a ig h t  l ines ,  conics and the  decomposed quadratic  pieces of 
dq-curves we are in te res ted  in and also for th i rd  or fourth degree parametric 
curves.)  The a lg o r i th m  i s  s p e c i f i c ,  in  th e  sense t h a t  i t  uses  the  p lana r  
co n s tan t  pa ram eter  l i n e  p ro p er ty  of b i q u a d r a t i c  pa tches ,  as we did in  the 
previous Section.
Assuming that  the global "curve cuts  dqsbox" t e s t  was pos i t ive ,  we decompose 
the dq-surface in to  biquadratic  subpatches and deal with the ones where the 
"small box te s t"  showed tha t  in te rsec t io n  may occur. We can assign planes to 
each cons tan t  pa ram ete r  l i n e s  as we d id  in  Sec t ion  12.(Here again the  u 
constant parameter l ines  are choosen -  see equation 1 2 .3 .)
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The p r i n c i p l e  of  th e  a lg o r i th m  i s  t h a t  once a p a ra m e t r ic  curve i n t e r s e c t s  a 
patch,
e i t h e r  i t  must l i e  e n t i r e l y  in a c e r t a i n  param eter  l i n e  p lane  
( F i g .13.1)
or in a very small v ic in i ty  of the plane which conta ins the in t e r s e c ­
t io n  p o in t  t h e r e  must be two p lan e s  fo r  which the  c u rv e -p la n e  
i n t e r s e c t i o n  p o in t s  a r e  "above" and "below" the surface respec t ive ly ,  
as i s  shown on Fig. 13.2. (We do not  go i n to  d e a t i l s  conce rn ing  
touching po in ts . )
FIG.13.2.
At the  very beg inn ing  i t  must be determined whether or not  the  f i r s t  case  
h o ld s ,  s ince t h i s  lea d s  a t  most to  c o n ic -c o n ic  i n t e r s e c t i o n  in a p lan e ,  
(supposing dq-curves are the most complicated curves we have). Moreover, t h i s  
t e s t  must be made because o th e rw ise  the  i t e r a t i v e  method suggested  fo r  th e  
second case wil l  f a i l .
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I f  t h e r e  i s  a plane which c o n ta in s  e n t i r e l y  the  p a ra m e t r ic  cu rve ,  then the  
plane, constructed below must contain the whole parameter l in e  and the curve. 
S t a r t i n g  from the  e qua t ion  (12.3) and t ak in g  th e  endpoin ts  of  a u parameter  
l ine  and the given curve segment we obtain
v.i(u) = r (u ,0 .5 )  -  r ( u , 0 )
(13.2)
v.2  = _a(t2 ) -  _a(t-|) , t.| ^ t 2  .
The normal i s
(13.3) n(u) = v ^ u )  X v.2  ,
so the plane equation can be
(13.4) n(u) (a.(t-|) -  (x ,y ,z) )  = 0 .
S u b s t i t u t i n g  A(u) i n t o  (x ,y ,z) ,  i t  g iv es  an a t  most 4th degree equat ion  fo r  
the  unknown u. Once the  p o s s ib le  u -s  a re  ob ta ined ,  a t h i r d  po in t  of the  
constant parameter l in e  and a th i rd  point of the other curve w i l l  be chosen to 
t e s t  whether  they a re  f u l l y  con ta ined  in the  plane.  (In case of conics  a 
s u f f i c i e n t  co n d i t io n  fo r  t h i s  i s  i f  th re e  p o in t s  l i e  in t h a t  p lane .)  I f  t h i s  
f i r s t  case i s  s a t i s f i e d ,  a f t e r  making planar  curve-curve in te rsec t ions  (see 
S ec t ion  10) the i n t e r r o g a t i o n  f o r  the  c u r r e n t  b iq u a d r a t i c  pa tch  can be con­
cluded.
FIG.13.3
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I f  the f i r s t  case i s  not s a t i s f i e d  we sha l l  make in te rval-halv ing  i t e r a t i o n s  
in u, u n t i l  the  d e s i r e d  i n t e r s e c t i o n  p o in t s  a re  obta ined  w i th in  the  given 
tolerance.  For each u, we calcula te  the parameter l ine  plane and also decide, 
whether the point  £^ where the curve in te r se c t s  th i s  plane i s  above or below 
the surface. This can be done eas i ly ,  once we have a point £g, which i s  in the 
p lane  and "below" the  c u r r e n t  pa ram eter  l i n e .  To ob ta in  t h i s  p o in t ,  the  
surface normal must be calculated and the "below" point w i l l  be in the h a l f ­
plane, where the projection of the negated normal points. The next step i s  to 
in te r se c t  the s t r a ig h t  l ine  segment with the  parameter l in e  and according 
to  the  number and p o s i t i o n  of th e s e ,  to  decide whether £ i i s  on, above or 
below the surface, (see Fig. 13.4 -  £-^  ,£p»£3 )
This in te rval-halving procedure converges quite  quickly. The plane in te rva ls ,  
which do not contain any piece of the curve or only pieces which e n t i r e ly  go 
above or below th e  s u r f a c e  can be thrown away, whi le  the  h a lv in g  procedure  
cu lm in a te s  around the  p lan e s ,  where a t  one s id e  "above", a t  the  o ther  s id e  
"below" points are found. A tolerance c r i t e r io n  stops the i t e r a t io n .
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The above algorithm i s  r e la t iv e ly  f a s t  since only vector and sca la r  products 
must be calculated along with solving second degree equations. An a l te rna t ive  
method could be, t h a t  a t  each s t e p ,  the  d i s t a n c e  from th e  c u r r e n t  param eter  
l ine  i s  also calcula ted  and Newton-Raphson l ik e  i te ra t io n  in u i s  performed a t
the c r i t i c a l  in te rva ls .
14. SURFACE -  DQ-SURFACE INTERROGATIONS
The considerations outlined in Section 3 very much influenced the implemen­
t a t i o n  of the d o u b le -q u a d ra t ic  su r fa c e  i n t e r s e c t i o n  a lg o r i th m  in  BUILD. A 
p a r t i c u l a r  combinat ion  of the  p a ra m e t r ic  g r id  and th e  contour fo l lo w in g  
methods with some h e u r i s t i c s  was chosen, using the b a s i c  f e a t u r e s  of  
quadratics.
Given two s u r f a c e s  S-| and S2 . S-j can be a p lane  , a q u a d r ic  or a d q -su r fa ce  
given by the  5.4.1, 5.5.1 and 7.1.1 e q u a t io n s ,  S2  i s  always a d q -su r face .  
After making a box around S2  global in terference  i s  tes ted ,  performing "plane 
c u t s  dqsbox",  " q u a d r i c  c u t s  dqsbox" and "dqsbox c u t s  dqsbox" t e s t s ,  
r e s p e c t iv e ly .  I f  these  are  p o s i t i v e ,  th e  t e s t  a re  r epea ted  fo r  each 
biquadratic patches of S2 , to se lec t  the ones, which contain possible  in te r ­
section curves. Pieces of the in te rsec t ion  curves in respect, to  the individual  
biquadratic patches wil l  be determined and l a t e r  these pieces w il l  be concate­
nated.
The algorithm generates sequences of (u,v) pa irs  with t h e i r  tangentia l  d i rec­
t io n  in the p a ra m e t r i c  plane o f  S2  and s o r t i n g  i s  a l so  performed here .  I t  
holds for a l l  (u,v)-s, tha t  subs t i tu t ing  them into  the S2  equation, the points 
obtained  w i l l  l i e  on both S 1 and S2. B a s i c a l l y  the p a ra m e t r ic  image of the
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in te r sec t io n  curves (termed u-v contours) w i l l  be obtained and curve f i t t i n g  
in 3D w i l l  be applied only in the f ina l  phase.
Note an im p o r tan t  f e a tu re  h e re :  the  double-quadratic in te rsec t io n  algori thm 
works independently from the type of the other  surface. The only data we need 
to in te r roga te  S-j i s  an in te r sec t io n  point of S-| and a constant  parameter l i n e  
of S2 « This  means p a ra m e t r ic  q u a d ra t ic  -  p lane ,  q u a d r a t i c  -  quadric  and 
quadratic  -  dq-surface in te r sec t io n s  respect ively.  (These cases were discussed 
fo rm er ly  in S e c t io n  10,11 and 13.) The t im e  needed to  g e t  t h i s  data  e s s e n t i ­
a l ly  determines the  speed of the whole u-v contour generation. Consequently, 
the d o u b le -q u a d ra t ic  a lg o r i th m  i s  very e f f i c i e n t  fo r  p l a n a r  and q u a d r i c  
surfaces,  which const i tu te  the  majority of surfaces in a so l id  modeller, since 
only second and f o r t h  degree  equa t ions  most be solved us in g  known d i r e c t  
formulas. The free-form surface-surface in te rsec t ion  uses i t e r a t i v e  methods, 
so i t s  eff ic iency i s  lower, however, i t  i s  s t i l l  much b e t t e r  than for h igher-  
degree parametric patches.
After obtaining the (u,v) in te r sec t io n  points  in the parametric  plane of S2 , 
we a l s o  need a t a n g e n t i a l  d i r e c t i o n  fo r  s o r t i n g .  This can be c a l c u l a t e d  by 
deriving the im p l i c i t  equations for the plane or quadric cases. I f  S-j i s  a lso 
a d q - s u r f a c e ,  we have to  s u b s t i t u t e  i t  by i t s  t a n g e n t i a l  plane a t  the  
i n t e r s e c t i o n  p o in t  and u s in g  t h a t  i m p l i c i t  equa t ion  t o  de termine  th e  
tangen t ia l  d i rec t ion  we need fo r  S2 .
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a b
FIG. 14.1.
Instead of using a very fine gr id  of S2 's u-v l in e s ,  only a r e l a t i v e ly  coarse 
i n i t i a l  grid of only u-l ines w i l l  form the bas is  for a sophist icated sort ing 
a lg o r i th m  (Fig .14.1). I f  n ecessa ry ,  i t  w i l l  s e a rc h  fo r  miss ing  (u,v) p o in ts  
between the e x i s t i n g  ones. This p r a c t i c a l l y  means only lo c a l  re f inem en t  of  
cer ta in  parts of the grid, ensuring that  the contour-sections, going almost 
p a ra l l e l  to the u-constant  parameter l ines  and the strongly curved sections 
wil l  a lso be found.
The in te rsec t ion  process i s  performed patch by patch from l e f t  to  r ight  and 
from bottom up in the  S2  parametric plane (see Fig. 14.1). The separate parts  
of the u-v contours, which cross patch-boundaries are  simultaneously linked 
together  during the above scanning procedure. The in tersect ion  curves always 
run "from l e f t  to  r i g h t "  and "upwards" i f  p o s s i b l e ,  u n t i l  they  reach some 
surface boundaries or join  up in the case of closed curves.
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c
FIG.14.2
d
Once the  d a t a - p o in t s  and t h e i r  t a n g e n t i a l  l i n e  are  g iven ,  a s o - c a l l e d  
i s o s c e l e s  s e a r c h - t r i a n g l e  he lp s  to  d i f f e r e n t i a t e  the  p o s s ib l e  next p o i n t s .  
Here a s i m p l i f i e d  v e r s io n  of th e  s o r t i n g  procedure w i l l  be presen ted .  The 
angle  and the  h e igh t  of the t r i a n g l e  t o g e th e r  with the  width of the  u 
parameter l ines  determines the basic  step length, which i s  fu r ther  reduced a t  
points  of higher curvature.
The current  point and the tangent give the or ien ta t ion  of the search t r iang le .  
Two search  t r i a n g l e s  a re  g e n e ra te d  a t  the  s t a r t i n g  p o in t  of a loop. S o r t i n g  
proceeds smoothly i f  t h e r e  i s  one and only one p o in t  in  th e  s e a r c h - t r i a n g l e
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(Fig. 14.2.a). I f  t h e r e  are  none and th e  t a n g e n t i a l  l i n e  i s  s t e e p  enough, th e  
next point wil l  be found on a v constant  parameter l ine  -  Fig. 14.2.b. I f  none 
of  th e  above c o n d i t i o n s  holds,  t h i s  means e i t h e r  t h e r e  i s  h igh cu rv a tu re  a t  
the current point or more than one in te rsec t ion  curve run in the v ic in i ty  of 
th e  next  poin t .  In  t h i s  case,  th e  sea rch  t r i a n g l e  w i l l  be shor tened  and /o r  
tightened -  Fig.14.2.c, and new intermediate  points  searched for. The t r ia n g le  
i s  a lso shortened i f  a t e s t  with ro ta t ion  away from the tangentia l  d i rec t ion  
a l s o  f a i l s  -  F i g . 14.2.d.
The above a lg o r i th m  was r e l i a b l e  when designing "real engineering objects". 
However, considered from the th eo re t ic a l  point of view, the deficiences of the 
p a ra m e t r ic  g r id  and the  contour  fo l lo w in g  methods s t i l l  remain.  Extremely 
small loops between the neighbouring u-parameter l in e s  w i l l  not be discovered 
and very close i n t e r s e c t i o n  l i n e s  with  a lmost  p a r a l l e l  t a n g e n ts  cannot be 
d i s t in g u i s h e d  in  c e r t a i n  case s .  I f  the a lg o r i th m  f a i l s ,  incomplete  u-v 
con tou rs  w i l l  be found and in t h i s  case the  procedure  must be repea ted  w i th  
ref ined  step length parameters.
The f inal  step in generating the in te rsec t ion  curve i s  to f i t  a smooth curve 
through the set  of  d iscrete  poin ts  calculated above. Piecewise l inear  i n t e r ­
polat ion is  not su f f ic ie n t  for s to r ing  edge equations in a so l id  modeller.
Curve f i t t i n g  can be solved by some g loba l  procedure,  such as the  l e a s t -  
squares minimalization or spline in te rpola t ion.  (Formerly B-splines were used 
for  th is  purpose in BUILD.) Based on the arguments summarized in Section 3 a 
new, local,  adaptive cu rv e - f i t t in g  method, using double-quadratics was i n t r o ­
duced. Given a d o u b le -q u a d ra t ic  curve segment w i th  i t s  end p o in ts  and the  3D 
t a n g e n t i a l  l i n e s ,  which can be c a l c u l a t e d  from the  su r fa ce  normals, t h e  
appropriate magnitude of the tangent  vectors can be adjusted to get the bes t
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p o s s ib le  app rox im at ion  o f  the  i n t e r s e c t i o n  curve in t h i s  reg ion .  This only 
involves the solution of a l inear  equation system with two variables ,  obtained 
from lo c a l  l e a s t  square  m in im isa t io n  of  da ta  p o in ts .  The f i t t i n g  procedure  
a l s o  t e s t s ,  whether  a d o u b le -q u a d ra t ic  segment cover ing  more than two 
neighbouring in te rsec t ion  points can be f i t t e d  without loss  in accuracy. When 
compared with the previous methods the r e su l t in g  dq-curves are more accurate, 
a l s o  the  s t o r e  needed and the  number of segments a re  c o n s id e r a b ly  reduced. 
More d e ta i l s  can be found in  the next chapter .
Ih*. .QPMCLUSJQJ1
The complete range of dq-curve  and dq-surface  in te r roga t ions  was presented. 
These procedures made i t  possible  to handle double-quadratic type free-form 
surfaces in  the same way as the conventional curves and surfaces  in the BUILD 
v o lu m e tr ic  m o d e l le r .  Because of th e  advantageous p r o p e r t i e s  of dq-s ,  t h e s e  
i n t e r r o g a t i o n s  overcome the  p a r t i c u l a r  problems t h a t  a r i s e  when t r y i n g  to  
c r e a t e  s o l i d  models i n  an e f f i c i e n t  way. The (plane -  dq-sur face )  and 
(quadric  -  d q - su r face )  i n t e r r o g a t i o n s  a r e  comparable i n  CPU t ime w i th  th e  
g e n e ra l  (quadr ic  -  q uadr ic )  ones. Unlike o ther  types of p a r a m e t r i c  p a tc h e s ,  
a cc e p ta b le  i n t e r a c t i v e  response  t im e s  were exper ienced  even a t  (dq -  dq) 
in te r sec t io n s .
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A SIMPLE ADAPTIVE CURVE-FITTINS ALGORITHM 
FOR GENERATING INTERSECTION CURVES IN VOLUMETRIC MODELLERS
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JL. INTRODUCTION
At present most volumetric modelling systems can only represent sol ids bounded 
by s im ple  a n a l y t i c  s u r f a c e s .  This  i s  due to  the  d i f f i c u l t i e s  a r i s i n g  from 
in c o r p o r a t i n g  f r ee - fo rm  geometry in to  the  model. These d i f f i c u l t i e s  come 
mostly from the free-form in te r sec t ion  problems along with the problem of how 
to generate accurate  in te r sec t io n  curves in a r e l i a b le  way within reasonable 
time and store l im i ta t ions .
After the introduction of the  double-quadratic mathematics and the geometric 
i n t e r r o g a t i o n s  fo r  th ese  e lem en ts ,  i n  t h i s  chap te r  we c o n c e n t r a te  on a 
spec i f ic  problem, th a t  i s  how to  generate free-form in te rsec t ion  curves based 
on the  local  fea tu res  of the dq-curves.
As was d e sc r ib ed  p r e v io u s ly ,  most s u r f a c e - s u r f a c e  i n t e r s e c t i o n  a lg o r i t h m s  
c o n s i s t  of t h r e e - b a s i c  phases ,  a p a r t  from th e  very s im ple  ca se s ,  when th e  
equation of the in te r sec t io n  curve can be expressed e x p l i c i t ly  [32], [62]. The 
f i r s t  phase i s  c a l c u l a t i o n  of s e p a r a t e  i n t e r s e c t i o n  p o i n t s ,  th e  second i s  
g e n e r a t i o n  of t h e i r  sequences ,  i . e .  j o in i n g  up of the  c o n secu t iv e  p o i n t s  
(often cal led "sorting") and the th i rd  i s  c u rv e - f i t t in g ,  i .e.  generation of a 
smooth curve, going through the points obtained previously. These phases a re  
o f t e n  over lapp ing  depending on th e  i n t e r s e c t i o n  methods a p p l ied .  Q u i te  
f r e q u e n t l y  the  t h i r d  phase i s  n e g lec ted  s in c e  l i n e a r  i n t e r p o l a t i o n  i s
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a p p ro p r i a te  fo r  t h e  a p p l i c a t i o n  invo lved .  This i s  not  th e  case  f o r  advanced 
geometric modelling systems, p a r t i c u la r ly  those with boundary representa t ion 
where every curve and surface equation must be supplied. These curves must be 
a t  l e a s t  t a n g e n t i a l l y  continuous and a l s o  very a c c u ra te  in  o rd e r  to  avoid 
geometric inconsis tencies.
There are many algori thms for f i t t i n g  curves to a se t  of datapoints  (see for 
example [32]) , but most of them do not cope with the special  requirements of 
s u r f a c e - s u r f a c e  i n t e r s e c t i o n s  in  a geom etr ic  m odel le r .  In  a d d i t io n  to  
accuracy and tangen t ia l  continui ty, schemes based on the loca l  features  of the 
su r f a c e s  are  p r e f e r r e d ,  p o s s ib ly  us ing  d i r e c t  methods i n s t e a d  o f  i t e r a t i v e  
ones. Not only must the calcula t ion time be r e la t iv e ly  short,  but also the use 
of da ta  s to ra g e  t o  r e p re se n t  th e s e  curves  must be e f f i c i e n t .  The number of  
the curve segments can be much l e s s  than the number of the i n i t i a l  datapoints, 
when the individual curve segments can be f i t t e d  to  more than two consecutive 
d a t a p o i n t s  w i t h o u t  l o s s  i n  a c c u r a c y ,  s u p p o s in g  r e l a t i v e l y  low 
curvature/chordlength ra t io  makes t h i s  possible.
The former B-spline curve f i t t i n g  in BUILD [65] had the benef i ts  of curvature 
continui ty  and a very compact data representa t ion,  but i t s  global charac te r is ­
t i c  and inaccu racy  sometimes led  to  c e r t a i n  problems. Two of  them are  
i l l u s t r a t e d  in FIG.1 and FIG.2. Keeping the in te rnal  tolerance of the model 
to 1 CF"5 , the l a rg e s t  deviation from the in te rsec t ing  surfaces may have reached 
even 1 0 "^ between the datapoints, which may have made the model inconsistent.  
This i s  i l l u s t r a t e d  fo r  example, when th r e e  su r f a c e s  a re  to  be i n t e r s e c t e d .  
The V vertex i s  calculated as the  in te rsec t ion  of the S1-S2 curve with the S3, 
but i t  i s  out of to lerance with respect  to  the S1-S3 curve, on which i t  should 
a lso  l i e  (FIG.1). The o ther  example i s ,  t h a t  due to  th e  g lo b a l  scheme, the  
in te rsec t ion  curve may even run beyond the edge of the surface (FIG.2).
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FIGURE 1.
fitted curve
actu a l
intersection
curve
FIGURE 2.
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The simple adaptive dq-curve f i t t i n g  was created spec i f ica l ly  keeping in  mind 
t h e  above c o n s i d e r a t i o n s  about i n t e r s e c t i o n  curves in a geometric modeller.  
Here only the l o c a l  dq-curve f i t t i n g  w i l l  be d iscussed ,  t h e  d e t a i l s  of  
obtaining the i n i t i a l  in te rsec t ion  points  of the  surfaces can be found in  the  
previous chapter.
The de ta i l s  of Bspline in te rpola t ion  are also only referenced here [65][32],
The description of  the dq-algorithm w il l  be followed by examples evaluating 
some t e s t  runs o f  s u r f a c e - s u r f a c e  i n t e r s e c t i o n s  for  both B sp l ine  and dq- 
curves.
2. THE DQ-CURVEFITTING ALGORITHM
Given a sequence of  points, £^ (i=1,...,n) re su l t in g  from some surf  ace-surf  ace 
in tersect ion algori thm. Each £^ l i e s  on both surfaces (Si and S2 ) involved. I t  
i s  a lso  assumed t h a t  the  normal v ec to rs  a t  £^ to  both S-| and S2  can be 
c a l c u l a t e d  and t h a t  they are  not  p a r a l l e l :  t h a t  i s  the two s u r f a c e s  a re  not  
t a n g e n t i a l  along t h e  i n t e r s e c t i o n  curve.  The r e s u l t  of the  a lg o r i th m  to  be 
presented is  a sequence of C1 continuous dq-curve segments optimized according 
to the local fea tu re s  of the surfaces,  which gives a very good approximation 
to  the actual in te r se c t io n  curve.
The t a n g e n t i a l  d i r e c t i o n  of th e  i n t e r s e c t i o n  curve a t  each £^ can be 
calculated by the vector  product of the normal vectors to Si and S2 , using the 
above assumption. Any curve in S-| going th rough  £ i i s  p e rp e n d ic u la r  to  th e  
normal there and t h i s  holds to the S2  normal as well. Therefore, the tangent 
vector of the in te r s e c t io n  curve i s  orthogonal to  both normals, thus
^iO = (jaiS1 XjliS2) /  !jliS1 X ű iS2' *
-  116
DQ-CURVE FITTING
(This sense of d irection i s  taken by convention.)
A dq-curve segment i s  determined by i t s  endpoint posi tion and tangent vectors 
(FIG.3). The s o - c a l l e d  f u l l n e s s  of the  curve-segment or in o th e r  words the  
e x te n t  of  how fa r  the curve-segment goes along i t s  t a n g e n t i a l  l i n e s  a t  the  
endpoints can be a l tered by the magnitudes of the tangent vectors.
Each dq-curve segment w i l l  s t a r t  a t  a pa r t icu la r  and end a t  another £^+l<+-], 
where k> = 0  and i+k+ 1  <= n.
The 0 -v e rs io n  of  the  dq-curve f i t t i n g  c r e a t e s  one dq-segment between two 
neighbouring datapoints (k=0). The endpoints and the tangentia l  d irections are 
a l so  given,  the  remaining tangen t  magnitudes can be s e t  according to  the  
! £ i + 1  -  £ ^ ! chordlength, which gives a reasonable value, when nothing is  known 
about th e  i n t e r i o r  of the  curve and the  c u rv a tu re /c h o rd le n g th  r a t i o  i s  not  
high within th is  segment. This l a t t e r  condition i s  hopefully sa t i s f ied  by the 
procedure which gen era te s  the  i n t e r s e c t i o n  po in ts .  Unfortunately we cannot 
optimize the midpoint or the in te r io r  points of th is  curve-segment, since for 
th a t  we would need to express the distances from the surfaces as a function of 
a curve-point parameter, which i s  not possible.
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This O-version f i t t i n g  gives good re su l t s ,  however the s to re  capaci ty needed 
i s  r e la t iv e ly  big: the number of segments i s  always one le s s  than the number 
of datapoints,  e i the r  we have a simple or a complicated in te r sec t ion  curve.
The adaptive dq-curve f i t t i n g  algorithm attempts to make a dq-curve segment 
between the  £^ and £ i+1<+i p o in t s  by fo rc in g  th e  c u r r e n t  dq-curve segment to  
l i e  as c lo se  as p o s s ib l e  to  the  £ i +i>*»»> £ ^ +^ p o in t s  in a l e a s t  squares  
sense . The i n i t i a l  k value i s  s e t  according  t o  the  " tu rn ing"  of the  tan g e n t  
vectors along the £  points . A l in ea r  system of equations i s  obtained with the 
two unknown magnitudes of the endpoint tangent vectors. (See Appendix 1.)
FIGURE 4.
Once these  magnitudes have been c a l c u l a t e d  we need to  decide  whether  the  
"bes t"  segment f i t t e d  on the  j = i , i + 1  , . . . , i+ k + 1  d a t a p o in t s  i s  a cc u ra te  enough 
or not .  This i s  performed by checking th e  s o - c a l l e d  d i s t a n c e  and angle  
t o l e r a n c e s .  F i r s t  we c a l c u l a t e  the  n e a r e s t  c u rv e p o in ts  to  each £^ p o in t ,
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denoted by £ j .  (See Appendix 2.) For acceptance the distance tolerance must be 
grea ter  than |£j -  £ j  | and the angle-tolerance must be g rea te r  than the angle 
between th e  dq-curve  segment a t  £ j  and the a c tu a l  t a n g e n t  vector  of the  
i n t e r s e c t i o n  curve £ jq fo r  each j = i+1 , . . . , i+ k  , (FIG.4).
I f  the dq-segment covering k datapoints goes out of the tolerances anywhere 
between the  two ends, then k must be reduced, while  i f  i t  i s  w i th in  the  
tolerances another cu rvef i t t ing  attempt w i l l  be made with a bigger k to find 
the o p t im a l  number of d a ta p o in t s  to  be conca tenated  w i th in  one dq-segment. 
Obviously the f in a l  r e s u l t  i s  the dq-segment, which f i t s  the  highest number of 
consecu t iv e  d a t a p o in t s  and then the procedure can s t a r t  aga in  for  the nex t  
datapoints u n t i l  the l a s t  one i s  reached.
This " l ea rn in g "  procedure a ssu re s  t h a t  i f  subse ts  of  the  i n i t i a l  data  l i e  
approx im ate ly  on a s t r a i g h t  l i n e  or a d o u b l e - q u a d r a t i c - l i k e  segment, those  
p o in t s  w i l l  be covered by only one segment and the t o t a l  number of the  
segments w i l l  be d ra s t ic a l ly  reduced.
R. CONCLUSION
The 0-version and the  adaptive dq-curve f i t t i n g  have been implemented in BUILD 
according to  the pr inc ip les  presented. For evaluating B-spline and dq-curves a 
small analysis  program was wri t ten ,  which calculated the mean and the l a rg e s t  
d i s t a n c e s  of  a curve from a given s u r f a c e ,  in  our case the  d i s t a n c e s  of the  
actual approximating in te rsec t ion  curve and the surfaces to  be intersected.  By 
means o f  t h i s  the  fo l lo w in g  conc lus ions  have been drawn based on s e v e r a l  
t e s t - ru n s .
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The c a lc u la t io n  t im e  of the  0 -v e rs io n  curve f i t t i n g  i s  1-2 t im es  more than 
tha t  of Bspline f i t t i n g .  The adaptive d q - f i t t in g  takes' 2-5 times longer than 
the simple one. However, higher accuracy means more dq-curve segments ( that  
i s  l e s s  attempts a t  optimizing) consequently shorter  time.
Considering the  number of i n i t i a l  d a ta p o in t s  and the number of  segments 
generated by d q - f i t t i n g ,  i t  r e s u l t s  in s ign i f ican t ly  less  segments than those 
of Bspline f i t t i n g .  I t  must be kept in mind th a t  Bsplines need
(number of curvesegments+3)*3
sca la r  quantit ies for  data storage, while dq-curves, i f  they are tangentia l ly  
continuous need
(number of curvesegments+ 1  ) * 7
sca la rs ,  i.e. the s tore  needed i s  about 7/3 th a t  for Bspline, i f  the number of 
segments are the same. Fortunately the dq-curves use many less  segments. Dq- 
curve f i t t i n g  w i th  around 1/10 as many segments as for  Bsp l ines  (7/30 of 
Bspline  s tore)  g iv e s  5-10 t im e s  worse accuracy.  Around 1/4 or l e s s  (7/12 of 
Bspline store) always gives b e t te r  accuracy, while around 1/2 as many (7/6 of 
Bspline  s to re)  g iv e s  10 t im es  or more b e t t e r  accuracy. Around 2/3 as many 
(14/9 of Bspline  s to re )  and a lso  with the  0 -vers ion  d q - f i t t i n g  g ives  
s i g n i f i c a n t l y  b e t t e r  accuracy: 2 0 - 1 0 0  t im e s  b e t t e r  in mean-distances, 5-50 
times better in l a rg es t  distances.
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These r e s u l t s  a re  i l l u s t r a t e d  by two out of the many t e s t  runs, which can be 
found in Appendix 3. (A dq-surface with a plane, and another dq-surface with a 
c y l in d e r  a re  i n t e r s e c t e d . )  The t a b l e s  t h e r e  show the  c a l c u l a t i o n  t im e ,  th e  
number of  segments ,  the  mean and l a r g e s t  d i s t a n c e s  from both su r fa ce s  f o r  
Bspline curves and dq-curves with both 0-version and adaptive f i t t i n g s .  In the  
l a s t  cases the dis tance and angle tolerances are also given.
Some pic tures  of the generated dq-curves can be found in Appendix 4 (FIG.7 and 
FIG.8 ).
To sum up, us ing  the  p resen ted  dq-curve  f i t t i n g  th e  h ig h e r  accuracy and th e  
s m a l l e r  number o f  curve segments lead  to  a s i g n i f i c a n t  improvement f o r  
r e p r e s e n t in g  com pl ica ted  s o l i d  bodies .  This improvement i s  even more 
s ig n i f ican t  when the number of the datapoints i s  r e l a t iv e ly  small.
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4. APPENDIX -  1
Least.-=sauarg gu rY e-fittin R  o L  a. double quadrat ic curve segment
FIGURE 5.
Given the  two en d p o in t s  ( r A and n B) of a dq-curve  segment and a l s o  th e  
tangentia l  d i rec t ions  there QlAq and j^ q unitvectors) .  We want to  f i t  the best  
dq-curve  to the  k d a ta p o in t s  between r A and r.B, denoted by £ i t  i = 1 , 2 , . . . ,k .  
(FIG.5.) I t  i s  a lso assumed th a t  there i s  a reasonable preliminary parametric 
d i s t r i b u t i o n  of  (u-| ,u 2 , . . . ,uk), fo r  which u.  ^ < ui+ 1 ; - 0 . 5  <= <= 0 . 5  and
n(u^) i s  near to  £^ fo r  i= 1 ,2 , . . . ,k .  (This can be o b ta ined  by s e t t i n g  the  
magnitudes of our " t r i a l ” dq-segment according to  the chordlength and finding 
the  n e a r e s t  c u rv e p o in t s  to  each £j_ -  see Appendix 2.) The [-0.5,0.5] 
parametric  in te rva l  was chosen, which enables us to  make simple ca lcu la t ions  
l a t e r  using the sign-dependent dq-matrix.
Actually we have two scalar  degrees of freedom, the magnitudes of the tangent 
vectors  a t  the endpoints and want to  find the best  dq-curve for which
minimum.
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With the two unknown magnitudes - and ß  - the dq-curve equation can be 
written as follows:
Jl( ^  , ß  , u) [1 u u2]
0.5 0.5 
-2  2 
f  -2  2
2 -2
0.125 0.125 *A
-0.5 -0.5 ^B
-1.5 -0.5
► *  % 0
0.5 1.5 4 _ P-^BO
where
= [ x-j(u) x2(u) x^(u) x4(u) ]
^A
*B
^ ' 4 o
-0.5 <= u <= 0.5.
The equation to be minimized becomesk
S(o< , ß  ) = £  i £i - r(* , ß  ,ui I 2 = minimum, 
i*<
S( oi , (3 ) has its extremum where
2 s  /<?<* = 0 and 3 s  / 3 ( 3  = o  .
This leads to a linear system of equations with two unknowns, which may have 
no solution or an infinite number of solutions or one solution. In the last 
case that solution obviously gives the desired minimum value of the best fit.
Using the 2 f 2(<*) /3<k = 2-f(cx) f>(*=<) formula the previous equations can be 
written as
£ 1  £i-(x1(ui)£A+x2(ui)j^+x3(uiW  r.A0+x4(ui ^  ] x3(ui^A0 = 0
*!• 4 
k
^i"(x1(ui)£A+x2(ui)j:B+x3(ui)o<- Íao+x4<u í ) ß  £ß0> 3 x4(ui^iß0 = 0
which make the equations below:
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a c k + b ß  + c = 0
d<X + e (3 + f  = 0
where
a =
b =
c =
d =
f  =
K
■ 2 x32 (ui }
i - A
• ^ x 3 (ui )x4 (ui ) i AO£BO
\*Ak
£i - ) x3(Ui) rA0
í- A
- 2 x3 (ui )x4 (ui )£A0 r B 0
ÍM
x42(u i }
l “ A
2  ( £ i  " x1(ui ^ A - x2 (ui ^ B  > x4 (ui> £ßO
1= A
I f  lae bdj £0  the  known unique solution i s
= (bf  -  ce) /  (ae -  bd) 
ß  = (a f  -  cd) /  (ae -  bd)
5. APPENDIX -  2
Has. nearest  gQint o r  a  double-quadratic segment
Given a point  £  and a pa ram etr ic  curve-segment  n(u) , u-| < u <= U2  in  space. 
We want to f in d  t h e  n e a re s t  curve po in t  to  £  denoted by Q_. I f  t h e r e  i s  a 
n e a r e s t  point  i n s i d e  the given p a ra m e t r ic  i n t e r v a l ,  then Q = £.(uq) fo r  a 
c e r t a i n  uQ, (u 1 < uQ < u2) and ! £ - £ ! < = !  r (u )  -  £  j for  a l l  u / u Q in the  
given interval ,  otherwise the neares t  point w i l l  be equal to the nearer end­
p o in t  of the curvesegm ent ,  i .e .  r (u^)  or n(u 2 ).
In  the  former c a s e  the  ££ v e c to r  must be o r thogonal  to  the  curve a t  Uq, t h a t
«
i s  the  sc a la r  p ro d u c t  of £  -  £.(Uq ) and h(uq) v e c to r s  must be zero.  This
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orthogonality condition can be superf ic ia l ly  interpreted in an indirect  way, 
t h a t  i s ,  i f  ££ was not  or thogonal  to  the  curve ,  then moving a b i t  on the  
t a n g e n t i a l  l in e  towards th e  d i r e c t i o n ,  where the  angle between Q ’ and th e  
tangentia l  line i s  l e s s  than 90 would re su l t  in a point being nearer to £  
than £».
This  leads  to an equa t ion  to  be solved fo r  u, i . e .
(£ -  r (u ))  r (u )  = 0
I f  the  above e qua t ion  has more than one s o l u t io n ,  the roo t  w i th in  [ u - j ^ ]  
which supplies the smallest  distance between £  and £.(u) must be selected.
The above equation even in case of cubics leads to a f i f th-degree polynomial 
in u, which can be solved only numerically. In case of double-quadratics, due 
to  the  quadra t ic  p ie c e s ,  two d i r e c t l y  so lv a b le  th i rd -d e g re e  polynomial a re  
ob ta ined .  (Note t h a t  co n s id e r in g  dq-curve f i t t i n g  we may assume t h a t  th e  
point  £  i s  very near to the curve-segment and the curvature/chordlength r a t i o  
i s  low, therefore apart  from the cases where £  l i e s  close to  the midpoint of 
the dq-segment, only one equation must be solved.)
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The dq-curve equat ion can be w r i t ten  in the  form below:
r
r (u )  =
a 2 uu^ + ^  uu + jBq uu = u , 0 <= u <= 0.5
h-2 uu2 + ii-| uu + uu = u -  0.5 , 0.5 <= u <= 1 .
With given endpoint posit ion and tangent vectors (£.A,rß,i:A,iLß), the midpoint 
vectors can be obtained as
= 0 .5  '.j_ATilß) + 0.125 (llA -  H3)
= 2 . 0  (n B-r .A) -  0 . 5  (ZA + ZB)
By means of these th e  vector c o e f f ic ien t s  can be expressed as follows:
^ 0  = Lk  
* 1  = ^A
3-2 = 4*° (-Cm_ X-k) ~ 2*° -C-A
^ 0  =
* 1  = ^
Z2 = 4 .0 (ü ß - j^ j) -  2 . 0  r  M
Having ( &q ,3 .2 ) or  (ÍLq »^ -1 » 2^ »^ c o e f f i c i e n t s  of the  polynomial  to  be 
solved are (here only the a -s  are quoted)
c^uu3 + c2uu2 + c-|Uu + Cq = 0
c^ = 2.0 a 2 3-2
c2 = 3.0 a 2 -ä-|
c-| = 2 .0  (^Q -  Z) &2 + S.-\ • 3-\
Cq = (ao -  Z) 3 \
Finally we need to  se l e c t  the root for which ! Z -  r(uu) | i s  the  smallest  and 
0 <- uu <= 0.5.
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fi. APPENDIX -  1
Numerical evaluation Bsoline anú. da-curve f i t t ing with d i f f erent  
f i t-parameters
INTERSECTION CURVE OF A DQ-SURFACE AND A PLANE
-  open curve with 91 i n i t i a l  datapoints
-  c h a rac te r i s t i c s  of d i f fe ren t  f i t t e d  curves
F i t t in g  type 
Number of segments 
Calculation time 
Dist.  tolerance 
Angle tolerance 
S1-mean distance 10“-)
51- la rges t  distance 10“^
52- mean distance 10“^
S2-largest distance 10”^
INTERSECTION CURVE OF A DQ-SURFACE AND A CYLINDER
- closed curve with 156 i n i t i a l  datapoints
-  ch a rac te r i s t i c s  of d i f fe ren t  f i t t e d  curves
F i t t in g  type 
Number of segments 
Calculation time 
Dist .  tolerance 
Angle tolerance 
S1-mean distance 10”^
51- la rg es t  distance 10”^
52- mean distance 10“^
S2-largest distance 10“^
Notations: DQ-0: 0-version, DQ-A: adaptiv dq-f i t t i n g
S1 -  f i r s t  surface (DQ), S2 -  second surface (plane or cylinder)
ß S P v a - f i b Q - t i DQ-4r
IS~£ IJTC I C 2A 44 £ 4 4 4 5
0 . 2 o l 6 21-0 A. i z c A 11C 0.64? 0 . í é  c o . m
- - Ö.OOA 0 . o o o  S ' O . o o o  A O  .O O O O  S ' O . o o o o A
- - 4 G .f O. 4 o . o r O . o A
A3? O . o l u  <n C . l C o.s~<s 0.2 0.0 «?
‘>2.21 U. (.44 i . n 2. f i"
2 .7 4 O . o  3 l<i. 42 10.34 A. A O. 4 o . o e
I c . j z 6. 13 é l  é't L < * . l o 2 . o ' ) 3. 4>JT O . S ' S ’
S i  P O Q - 0 P Q ' r f t D Q - A
° } 0 10 4 2 23 3 3 S 7
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7. APPEKDIX -  4 
Double-quadratic ir.tersection curves
FIGURE 7. C - Z Q' A ,
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Chapter V
ANALOGY BETWEEN GENERATING PLANAR INTERSECTION CURVES AND 
SILHOUETTE CURVES OF (DOUBLE-)QUADRATIC SURFACES
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im o a u c iio N .
F as t  p i c tu r e  g e n e r a t io n  i s  a fundamental  t a sk  in computer a ided  geom etr ic  
modelling. Continuous visual control i s  needed when creating models of objects 
with complex geometry. With ras ter-scan terminals  nice, shaded, hidden-surface 
p ic tures  can be generated once the design i s  completed. However in the present 
s ta te  of the a r t  of computer graphics these algorithms would demand enormuous 
computing power i f  they were to be used in in te rac t iv e  sessions. This i s  the 
main reason why l in e - d r a w in g s  o f  o b j e c t s  s t i l l  remain the  pr im ary  output 
during in te rac t ive  geometric design.
When only p lana r  fac es  a re  involved the  w ire  frame drawing o f  the  o b je c t ,  
possibly with hidden-line removal gives a sa t i s fac to ry  image. However, th is  i s  
not the case when the object i s  bounded by curved faces, in addit ion to edges 
we need a t  l e a s t  the  s o - c a l l e d  " s i l h o u e t t e  curves"  to  f u l l y  unders tand the 
geometry of the object.  Actually these curves loca l ly  separate the v is ib le  and 
non-visible pa r ts  of the object when i t  i s  viewed from a given eye-position.
To i l l u s t r a t e  the above consideration a wireframe picture and the same with 
s i lhouet te  curves are presented in Fig.1 and 2. Without s i lh o u e t te s  we would 
not  have any idea about the  i n t e r i o r  o f  the  curved faces .  I t  i s  noted,  t h a t  
the visual e f fec t  can be improved by adding other features to the drawing such 
as co n s tan t  p a ram ete r  l i n e s  or h a tc h in g  l i n e s ,  e tc .  (F ig .3 and 4) The f i n a l  
most sa t is fac to ry  understanding of the object  can be achieved by means of i t s  
or thogonal  views (Fig.5).
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Hie double-quadratic curves and surfaces were chssen in BUILD primarily due to 
their simplicity in computing geometric interrogations and intersections - see 
previous chapters. This simplicity can also be found in the process of 
generating silhouette curves. In this chapter only the property of double- 
-quadratic patches that they are made up of biquadratic patches will be used.
The b as ic  s teps  o f  th e  s i l h o u e t t e  a lg o r i th m  w i l l  be in t ro d u ced  through an 
analogy between generat ing planar in te rsec t ion  curves and s i lhouet te  curves of 
b iq u a d r a t i c  p a tc h es .  The p ieces  g enera ted  fo r  the  in d iv id u a l  pa tches  are  
concatenated a t  a higher level.  In the l a s t  sect ion some fur ther  problems of 
s i lhouet te  curve generat ion in a so l id  modeller w i l l  be described.
^  im m zm m  ql a  elme, m  a biqumbaiig. eaicü
The procedure o f  g e n e ra t in g  th e  i n t e r s e c t i o n  curves o f  a plane and a 
parametric biquadratic  patch can be s p l i t  in to  simple tasks as follows.
1. Make a global  t e s t  with the current  biquadratic  patch to see whether i t  
i n t e r s e c t s  the  g iven  plane a t  a l l .  (The e a s i e s t  way o f  doing t h i s  i s  to  
construct  the Bezier type c h a ra c te r i s t i c  polyhedron of the patch and a box 
surrounding i t  and examine whether  or no t  the  plane c u t s  t h i s  box. This 
t e s t  i s  based on the convex-hull property of quadratic patches -  see [32].)
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2. I f  the  t e s t  i s  p o s i t i v e ,  g e n e ra te  a sequence of i n t e r s e c t i o n  p o i n t s  
lying on both surfaces,  otherwise ignore tha t  patch.
3. By means of some appropriate "sorting" algorithm, determine the sequence 
of these d isc re te  points .
4. Finally, making the mapping from parametric plane to 3b space, use the 
l o c a l  f e a t u r e s  o f  the  su r f a c e s  t o  f i t  a good approxim at ing  curve through 
the in te rsec t ion  points.
The equation of a biquadratic patch can be given in the following form
(2 .D  n(u,v) = [u] [ b2 ] [ q2] [b2] f v j r
where fu]= [ 1 u u2],fv]= [1 v v2 ], 0 <= u,v <= 0 .5 ,
1 0 o ' %)0 %)1 ^02
[%]= -4 4 0 [°  2 ]-- a 10 a 11 a 12
4 -8 4 a 20 Ä21 3-22
The B2 matrix contains the quadratic Bezier coef f ic ien ts ,  while Q2 gives the 
points of the c h a ra c te r i s t i c  polyhedron, which can be eas i ly  calculated from 
the tangentia l  parameters of the quadratic  or ocuble-quadratic  patch.
1. The box t e s t  must be performed with the a.^.-dLest box, which contains a l l  
the vector elements of the Q2 matrix.
2. To ge t  one p o in t  of the i n t e r s e c t i o n  curve we w r i t e  n(u,v) in the  
following form:
(2.2) r (u ,v )  = (x(u,v) ,  y(u,v), z (u ,v ) ) .
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The equation of the plane i s
(2.3) A x  + B y  + C z  + D = 0 
So, a f te r  su b s t i tu t io n  the equation
(2.4) f(u,v) = A x(u,v) + B y(u,v) + C z(u,v) + D = 0
i s  produced. f (u ,v )  i s  a second-degree  eq u a t io n  in both u and v. By f i x in g  
one of  the p a ra m e te r s  (say u) the  second degree  equat ion  can be e a s i l y  
solved for  the  o t h e r  param eter  (v). The o b ta in ed  ( u q ,Vq ) p a i r  g iv es  one 
in tersect ion point  in the u-v parameter plane.
3. The " so r t ing"  s t e p  i s  not s t r i c t l y  r e l e v a n t  c o n s id e r in g  the analogy to 
be drawn here. I f  the sor ting i s  done in the parameter plane the necessary 
t a n g e n t i a l  d i r e c t i o n  can be c a l c u l a t e d  by de te rm in ing  the p a r t i a l  
d e r iv a t iv e s  o f  f (u ,v )  -  (2.4).
4. The 3D i n t e r s e c t i o n  po in ts  can be ob ta ined  by s u b s t i t u t i n g  the (uq,Vq) 
pa irs  into the o r ig in a l  equation (2.1). The ac tual  in te rsec t ion  curve must 
be formed by u s in g  the l o c a l  f e a t u r e s  o f  the s u r f a c e s  ( tangency,  
cu rva tu re ) .  In most cases to  c a l c u l a t e  the  t an g en t  of  the  i n t e r s e c t i o n  
curve i s  s u f f i c i e n t  for the cu rv e - f i t t in g  algorithm used (see Chapter 
IV.). In case o f  s u r f a c e - s u r f a c e  i n t e r s e c t i o n  t h i s  can be obta ined  as the  
v e c to r  product o f  the  su r face  normals a t  the  given i n t e r s e c t i o n  p o i n t s ,  
assuming the s u r f a c e s  are  not  t a n g e n t i a l  t h e re .  (This can be s imply  
expla ined  t h a t  a l l  curves on the  su r face  going through a s u r f a c e p o in t  
including the in te r sec t io n  curve are orthogonal to the surface normal a t  
tha t  point.)
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3. SILHOUETTE CURVE GENERATION TO A BIQUADRATIC PATCH
The procedure of generating the s i lhouet te  curve to a biquadratic  patch can be 
s p l i t  in to  simple tasks in the same way as in Section 2.
1. Test the current  quadratic patch to see whether there i s  any s i lh o u e t te  
curve within i t .
2. I f  the t e s t  i s  posi t ive ,  then generate a sequence of s i lhouet te  points ,
otherwise ignore tn a t  patch.
3. By means of some appropriate sort ing algorithm, determine the sequence
of these d isc re te  points.
4. Finally ,  a f te r  making the mapping from parametric plane to  3D space, use 
the local  propert ies  of the surface and the s i lhouet te  curve to  f i t  a good 
approximating curve through the s i lhouet te  points.
Given the  viewing d i r e c t i o n  v£ = (wx, wy, wz). The p o in t s  on the  s u r f a c e  and 
a lso  t h e i r  in v e rse  mapping to  th e  u-v p a ra m e t r ic  plane can be d iv ided  i n t o  
"towards" and "away" reg ions .  In  the  f i r s t  r eg ion  the normal v e c to r s  p o in t  
towards the viewing posit ion,  th a t  i s  th e i r  projections to  the viewing vector 
are negative, while in the second the normals point  away and th e i r  projec tions 
are posit ive . The boundary curves between the two regions give the s i lhoue t te  
curves.  For these  p o in t s  the p r o j e c t i o n  o f  the  normal v e c to r  to  the  viewing 
vector i s  a nul lvector.
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Formulating t h i s  mathematically -  a t  a s i lhouet te  point the sca la r  product of 
the  normal v e c to r  (n(u,v))  and the  viewing v e c to r  (w) must be zero and t h i s  
expression must a lso  change i t s  sign. This r e s u l t s  again in an im p l ic i t  sca la r  
fu n c t io n  with two v a r i a b l e s  as in  the  case o f  the p rev ious  i n t e r s e c t i o n  
problem.
(3.1) g(u,v) = a(u,v) ■ V£ = 0 
where
(3.2) n(u,v)  - r^(u,v)  X r v(u,v) =
F o r tu n a te ly  &(u,v) in  case of q u a d r a t i c s  i s  only a t h i r a  degree  equat ion  in 
both u anc v. Consequently  n(u,v) can be cons idered  as a v ec to r  fu n c t io n  
describing a bicubic patch, while w can be in te rpre ted  as the normal vector of 
a plane going th ro u g h  the o r ig in  (D=0). Thus, the  s i l h o u e t t e  l i n e  problem i s  
e q u iv a le n t  to  d e te r m in in g  the i n t e r s e c t i o n  curves  of a b icu b ic  patch and a 
p lane .
1. The above analogy makes i t  easy to  f ind  out whether th e re  i s  any 
s i l h o u e t t e  cu rve  w i th in  the c u r r e n t  patch.  n(u,v) can be w r i t t e n  in  the  
form of
■p
(3.3) a(u,v) = [u] [n] [v]
where [u] = [ 1 u u^ u^],Tv]= [1 v v^ v^], 0 <= u,v <= 0.5, 
as we did in S e c t io n  2. N c o n ta in s  the  v ec to r  c o e f f i c i e n t s  by powers in  u 
and v as o b ta in e d  from the (3.2) v e c to r  product .  Now i f  N i s  considered  as 
the  matrix o f  a b icubic  pa tch ,  then i t s  B ez ie r - type  c h a r a c t e r i s t i c  
polyhedron can a lso  be calculated in an inverse way. That i s
i j k
xu yu zu
xv yv zv
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( 3 . 4 )
where
[n]= f b J  [ qJ  [ b ,  ]  1
1 0 0 0
[ b31 = - 6  6 0 0
12 -2 4 12 0
- 8  24 - 24 8
(Note the parametric in te rva l  [ 0 , 0 .5 1  i s  used.)
With the known matrix N, which contains the points
c h a ra c te r i s t i c polyhedron can be calculated as follows
( 3 . 5 ) r q 3]= fB3‘]  [n]  [ b3‘ r
The inverse of the Bezier matrix i s
1 0 0 0
( 3 . 6 ) 1 1 /6 0 0
1 1 /3 1 /1 2 0
1 1 /2 1 /4 1 /8
1. Having determined the  v e c to r s  o f  the  c h a r a c t e r i s t i c  polyhedron th e  
smalles t  box containing a l l  of them can be made and the box cuts plane t e s t  
can be executed.
2 . The c a l c u l a t i o n  o f  a s i l h o u e t t e  po in t  i s  done in a s i m i l a r  way as in 
S ec t io n  2 . The only d i f f e r e n c e  i s  t h a t  g(u,v) (see (3.2)) i s  a t h i r d  
degree equation in both u and v. By fixing one of the parameters (say u) a 
t h i r d  degree equat ion  must be solved fo r  the  o th e r  pa ram ete r  (v). The 
r e s u l t i n g  (uq,Vq) p a i r  w i l l  r e p r e s e n t  one s i l h o u e t t e  p o in t  in the  u-v 
plane.
3. The same argument holds as was described in point 3. of Section 2.
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4. To ge t  the  t an g e n t  o f  the  s i l h o u e t t e  curve  a t  a given po in t  i s  more 
complicated. Let us suppose th a t  we are a t  the ( u q ,Vq ) s i lhouet te  point  in 
the parametric plane. Subs t i tu t ion  into the  patch equation (2.1) w i l l  give 
the  po in t ,  which the  s i l h o u e t t e  curve goes through. The equat ion  o f  the  
tangentia l  l ine  there can be simply calculated:
(3.7) o<u +(]v + ^  = 0
where °< = 6 u ( u 0 ’ v0 } 
ß  = § v ( u 0 » v0 )
$  = -S u ( u 0 ’ v0 )u0 -  6V( u 0 ’v0 )v0
Note t h a t  i f  both  d e r i v a t i v e s  vanish, the  second d e r i v a t i v e s  d e f in e  the 
tangentia l  d i rec t ion ,  i f  i t  e x is t s  at  a l l  a t  ( uq,Vq ).
In the  v i c i n i t y  o f  (uq,Vq) the  g(u,v) curve can be approximated by i t s  
tangentia l  l in e .  Let us introduce an s s i lhoue t te  parameter for which
a) i f ß  40 at (u0 , vo) than s = u
b) else c4 40 at c o < o than s = v
Expressing u and v as a funct ion of s we obtain
a) u = s,  v = ( -o ( /ß  ) s -  ( ß / f i )
b) u = ( - ß / o i  ) s -  ( y / ° 0 ,  v = s
The 3D s i l h o u e t t e  curve denoted p.(s) can be wel l  approximated by £(s) in U 
v ic in i ty  of £(uq,Vq).
(3.9) £(s)  r1 &(s) = r (u ( s )  ,v (s))
At ( u q ,Vq ) i t  holds tha t  £ (s )  = _p(s) and d£(s) /ds  = dß(s) /ds.
Using the chain ru le ,  the s i lhouet te  tangent i s
(3.10) d£>(s) 2 r(u ,v)  du "3r.(u,v) dv
ds ? u  c/s 3v el s
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That i s
a) dß/ds = i y  -  ( U  / ß  ) )/  ß
b) dß/ds = -((3 /<* ) Ig + Ly  = (i^j(3 -  i y ° 0  /  (-<*).
Therefore e i the r  case i s  taken the d irec t ion  of the tangentia l  l in e  to  the 
s i lhoue t te  curve can be computed as
= ( l u P  -  i y *  )  /  •
(The actual  uni t  tangent can be e i ther  Bq or -Bq depending on the sequence 
of the s i lhouet te  points and the choice of the s s i lhouet te  parameter. )
The s i l h o u e t t e  curve g e n e r a t i o n  fo r  d o u b le - q u a d r a t ic s  i s  r e l a t i v e l y  f a s t ,  
since the computation of a s i lhouet te  point means only the solution of  a t h i r d  
degree equation. We do not have to use numerical methods as, for example, in 
case o f  b icub ic  pa tches ,  where the  normal v ec to r  i s  given by a f i f t h  degree  
eq u a t io n  in u and v. In BUILD a genera l  s o r t i n g  a lg o r i th m  [70] and a g e n e r a l  
adaptive curve f i t t i n g  algorithm [73] have been implemented, which perform the 
co n ca te n a t io n  of the  p iec es  of  curve of the  i n d iv i d u a l  b iq u a d r a t i c  p a tc h e s .  
This  i s  why, once the  ( uq ,Vq ) values  and th e  t a n g e n ts  in  the  u-v plane and in 
3D are supplied, the above algorithms work without knowing whether a su r face -  
surface in te rsec t ion  or a s i lhoue t te  generation i s  to be performed.
4. FURTHER PROBLEMS IN QQNNECTIQM WITH SILHQULIIE. CURVE GENERATION.
In t h e  p r e v i o u s  s e c t i o n  we p r e s e n t e d  t h e  p r i n c i p l e  o f  g e n e r a t i n g  
"mathematical" s i lhouet te  curves. Unfortunately, there are many special  cases  
which we cannot discuss here, only mention them:
-  a b iq u a d r a t i c  pa tch can become a degenera te  p lan a r  pa tch ,  where a l l  the  
points may be s i lhouet te  points ,
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-  a b iq u a d r a t i c  p a tc h  can c o n ta in  a s t r a i g h t  l i n e  p a r a l l e l  t o  the  viewing 
direc t ion ,  where the re  may be r e a l  s i lhouet te  points , although the normal does 
not change i t s  s ign ,
-  the  s i l h o u e t t e  curves can be t a n g e n t i a l l y  discontinuous across the patch 
boundaries ( th i s  can be a problem a t  sorting or cu rve - f i t t ing )
-  e tc .
All these special  cases must be t r e a te d  carefu l ly .
To use the "m athem atica l"  s i l h o u e t t e  curves to  draw p i c t u r e s  in a volume 
modeller several fu r th e r  considerations apply. The two most important w i l l  be 
b r i e f ly  described.
Open si lhouette  curves may occur as several pieces, closed ones def in i te ly  do, 
according  to th e  change of normal  v ec to rs  c ro s s in g  them. Viewing the  
s i l h o u e t t e  curves  from a given e y e - p o s i t i o n ,  i f  the  normals  change from 
"towards" to "away" the term " v i s i b l e  s i l h o u e t t e s "  i s  used, while in the  
opposite case they are  termed "non-visible". The l a t t e r  case means, that  t h i s  
piece i s  covered by a non-visible region on the nearest  side of the s i lhouet te  
curve with respect  to  the viewing posit ion. Of course the v i s ib le  s i lhouet tes  
a re  not n e c e s s a r i l y  v i s i b l e  from the  v iewpoint ,  they may be hidden by o th e r  
faces of the ob jec t  in between them and the viewing position.
There are points where a v is ib le  s i lhouet te  turns in to  non-visible  or vice- 
versa. These are the  so-called "s i lhouet te  breakpoints" and the mathematical 
s i lhouet te  curve must be cut a t  these  (Fig.6 ). At the breakpoints the tangent 
to the s i lhouet te  curve i s  p a r a l l e l  to the viewing vector as shown in Fig. 7, 
they can be found d i r e c t l y  i f  th e  s i l h o u e t t e  curves  a re  approximated by 
(double-)  quadrat ic  curves.
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The tangent of a quadratic  piece (4.1) must be p a ra l le l  to  the viewing vector 
(vi).
(4.1) n ( t )  = a.2 t 2 + t  +
(4.2) £.(t) = 2 ä.2 t  + ^1 = kH 
After multiplying by kv£ we obtain
(4.3) t  = -  (ái ü) /  (2 ^ 2  ü)
The t  value r e p r e s e n t  a r e a l  breakpoin t  i f  i t  f a l l s  i n t o  the  given [0 ,0 .5]  
parametric in te rval .
The other problem to be mentioned here i s  as follows. Up to  now we have only 
talked about generating s i l h o u e t t e  curves f o r  a (d o u b le - )q u ad ra t ic  s u r f a c e .  
However the faces in a so l id  model of an object  are bounded regions ly ing on 
the  d q -su r fa ce s .  Consequently the s i l h o u e t t e  curve may need to be f u r t h e r  
divided into those parts  which l i e  inside the  region of the surface covered by 
the  face. This i s  done by face  vs. s i l h o u e t t e  curve i n t e r s e c t i o n  to  avoid 
t o l e r a n c e  problems. Having computed the  p o i n t s  where the  s i l h o u e t t e  curve  
crosses the edges of the face, the segments of the curve between the crossing 
p o in t s  are  examined to  see whether t h a t  i n t e r v a l  i s  o u t s id e  the  body ( F i g . 8 
and F ig .9). In these  f i g u r e s  p ieces  of the  s i l h o u e t t e  curves  of the  top 
s u r f a c e  have been removed where they c ro s s  the  top face  and o u t s id e  the  
v e r t i c a l  sides of the object .
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l .Free-form BUILD objec ts  -  sane engineering examples
In t h i s  sect ion some typ ica l  examples are given to  i l l u s t r a t e  the use of the  
free-form design f a c i l i t i e s  of the BUILD so l id  modeller. The operations used 
were outlined in  Chapter I ,  the mathematical and computational background in 
the following ones.
The ac t ive  surface of the mould in Fig. 1.1 was defined by two p ro f i le s .  After 
making a blended s u r f a c e  and a DQPRISM from i t ,  the  o b j e c t  was s u b t r a c t e d  
from a block together with two cylinders r e su l t in g  in the f in a l  part .
The o b j e c t  in  F ig .1.2 i s  based on a 'two b locks  -  c y l in d e r '  p a r t ,  (a) shows 
th e  o r i g i n a l  s o l i d  and th e  dq -su r face .  In (b) th e  r e s u l t  o b je c t  can be seen 
a f te r  sectioning with t h i s  surface, (c) was generated by re f le c t in g  the whole 
object  in  the plane of the back face. To obtain  the  counterpart of t h i s  simple 
stamping-die (d) , the 'p o s i t i v e '  ha lf  was subtracted from a block.
The f o u r - l e g  r i b  i n  F ig .1.4 was c re a te d  us ing  a DQOFFSET p r i m i t i v e  a s  can be 
seen  in  Fig. 1.3. One l e g  was designed by s e c t i o n in g  th e  o f f s e t  p r i m i t i v e  by 
two perpendicular planes. After the two r e f l e c t io n s  the  cylinder in  the middle 
was added (Fig. 1 .4 ) .
The duc t- l ike  object  in  Fig. 1.5 was formed by two iden t ica l  p ro f i le s ,  one end 
ro ta ted  by 90 degrees. The closed surface was transformed to be a so l id  using 
the DQCYLINDER command.
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The bottom of th e  o b je c t  in  Fig.1.6 was c re a te d  by add ing  two DQPRISM-s, 
having a "humpy" s u r fa c e  on th e  to p  fa c e . A fte r r e p l i c a t in g  and r e f l e c t in g  
th is ,  another "add" to  the o rig in a l so lid  was performed. F in a lly , a free-form  
sectioning su rface  cu t o ff the m issing p a r t  of the top .
A swept p la te  o f a B -sp lin e  p r o f i l e  w ith  two h o le s  was added to  th e  duc t 
(DQCYLINDER), defined  by another closed B -spline curve. (The p ro f ile s  can be 
seen  in  Fig. 1 .7 , w h ile  th e  p la te + d u c t o b je c t  in  Fig. 1.8 (a).) A fte r adding 
t h i s  to  a cube, th e  " m a te r ia l rem oval" was c a r r ie d  o u t by s u b s tr a c t in g  a 
reduced cube and th e  o ffse tte d  in te rn a l ducts. Removing the  r ig h t  side of the 
box and re f le c tin g  the so lid  led  to  the f in a l  shape of th is  exhaust m anifold 
l ik e  object (Fig. 1 .9 ) .
Z mSuggestions, fpi-further research
Concerning the in te g ra tio n  of double-quadratic  curves and su rfaces in to  so lid  
m odells, b a s ic a lly  there  are th ree  d ire c tio n s  to  move towards to  extend the 
p re s e n t  r e s u l t s .  The most obvious would be th e  use of r a t io n a l  doub le - 
-q u a d ra t ic  b le n d in g  fu n c tio n s . In  t h i s  way, th e  o r ig in a l  advantageous 
fea tu res , such as second-degree polynom ials, planar curve-segments, which are 
im portant for the  geom etric in te rro g a tio n s  could be preserved, moreover, ex tra  
deg ree  of d esig n  freedom  could  be ga ined . I t  must be em phasized t h a t  th e  
a lg o rith m s  d e sc r ib e d  in  t h i s  t h e s i s  can be g e n e ra liz e d  to  r a t io n a l  d q -s , 
making formal or s l ig h t  m odifications.
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As i s  well-known, ra tio n a l quadratic  curves can represen t a l l  conic curves,
ra tio n a l quadra tic  su rfaces in c lu d e„a ll quad tic  su r fa c e s ., Thus, l in e s , planesI y ’soßiuia m ioT-seii To noidsrpodni and ÍYSbcT
and r a t io n a l  d o u b le -q u a d ra tic s  could  g iv e  a f u l l  coverage, to  r e p re s e n tinT fL'qmoo vo amalaoxq pnipnsilsrio isfbn end
p re c is e ly  the  co n v en tio n a l and free-fQ rm  p a r t s  .of m echan ica l e n g in e e r in geno.ibsspo isoxisrranjsirr onJ ni consxsixxa
desig n  products. . r „ r
>i nx b s i lu a s i  asoßiaxra pxiyxBne elqmxa
•9 Ida ob CUIUS 9riT .yniliooo:.! b i lo a  bne
The second im p o rta n t e x te n s io n  would b e . th e  in tro d u c tio n  of 3- s id e d  (or3qx : c x s s n jn y > oxloa ,av m ic l-a o x i oni do 9ort£i
g e n e ra lly  n -sid ed ) d q -p a tch es . The 3 -s id e d  dq -patch  can be c o n s tru c te dn ■ . bn 05 a eo s lx a a  «1 1 0 1 - 9 9 1 1  p n x Js ip e fn r
according to  the known techniques described by.Sabin [61],,. B arnh ill [2] , and
.neq<jl9V9i oxw axebom oxloa pnxdsboxxajnx«  >
C harro t and G regory [19]. The use of n -s id e d  p a tc h e s  le a d s  us to  th e  problem
o b9afid ax nsaoodo n o iiu lo s
of hand ling  and jo in in g  to g e th e r  f re e -fo rm  s u r fa c e s  w ith  g e n e ra l to p o lo g y ,
be LSoixdemoep ilsowds >c boop s inoaor.f.>i  a-pQ .aSosltÖia
which i s  a recen t to p ic  in  surface modelling.5ffr da ix l and nx nwona asw ^ydxoxlq.Tixa lenoxdsiuqmoo
L a s t, but not l e a s t ,  th e  a u th o r 's  b e l i e f  i s  t h a t  ^ fö t^ fP fcn fiöQ éíf 
the s ta te  of tra n s it io n . The next generation m odellers t r i l l  provide hew types 
of u se r-h a n d le s  fo r  d e s ig n , g ra d u a lly  approach ing  th e  p feö e n t engrneéH íig  
e x p e c ta tio n s . One a s p e c t  of t h i s  i s  th e  a u to m a tic  g e n e ra tio n  of com posite  
free-form  shapes, th is  explains the importance of developing itrbr e complex and 
more f lex ib le  operations for in teg ra tin g  free-form  geometry in to  so lid  models. 
At the moment, we know only a subset of what i s  beleived can be done, however, 
i t  i s  hoped th a t  u sing  th e  g e n era l g e o m e tric  in te r f a c e  co n cep t, th e  
in tro d u c tio n  of new o p e ra tio n s  w i l l  r e s u l t  in  new p rob lem s, n o th in  th e  
in te r n a l  m o d e l-b u ild in g  f i e l d ,  bu t r a th e r  in  th e  a rea  o f a p p ro p r ia te ly
specifying the engineering requirements for the  m odellers. ioaoxqox
abxlóa
.a no >nsi:i9qx9 oiov,i 3  3 * i’i X J  3 B  ff C  -3 < .31 7 dsn oa so; I
,D9J B01 0  31 0  w <3j asq m iol-ooii x-oi xmoo eioriv
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3. S immár v
Today, the in te g ra tio n  of free-form  surfaces in to  so lid  m odelling i s  one of 
th e  most c h a lle n g in g  problem s of com puter a ided  g e o m e tric  design . The 
d ifference  in  th e  mathematical equations used for represen ting  param etric  and 
simple ana ly tic  su rfaces resu lted  in  to ta l ly  d iffe re n t techniques in  surface 
and s o l id  m o d e llin g . The BUILD d o u b le -q u a d ra tic  p ro je c t  exam ined th e  f u l l  
range of the  f re e - fo rm  vs. s o l id  s y n th e s is  problem . New o p e ra tio n s  fo r 
in te g ra t in g  f re e - fo rm  su rfa c e s  in to  s o l id  models and new tec h n iq u e s  fo r 
in te rrogating  so lid  models wit^h free-form  geometry have been developed. The 
s o lu t io n  chooser, i s  based on th e  s o -c a l le d  d o u b le -q u a d ra tic  cu rves and 
surfaces. Dq-s rep re se n t a good compromise between geom etrical complexity and 
computational s im p lic ity , as was shown in  the  f i r s t  p a rt of the th e s is . The 
above m entioned o p e ra tio n s  and g eo m e tric  in te r ro g a t io n s  can be perform ed, 
e f f ic ie n tly  using them. All operations in  BUILD are performed using a cen tra l 
g eo m etric  i n te r f a c e  fo r o b ta in in g  in fo rm a tio n  of in d iv id u a l  or p a ir s  of 
geom etric  e le m e n ts . This th e s i s  covered th e  g e o m e tr ic a l, th e  r e la t in g  
a lg o rith m  cal and computational a s p e c ts  of t h i s  c e n tr a l  n u c le u s , where dq- 
curves and dq-surfaces were involved.
The BUILD double-quadratic p ro jec t, which was based on the  r e s u l ts  presented 
h e re , have proved th a t  the free-form  elements can be handled exactly  in  the 
same v/ay as th e  co n v en tio n a l ones in  a s o l id  m odeller w ith  boundary 
representation . Using dq-s the computation time needed for combining free-form  
so lid s  remained in  th e  same range as th a t  for bodies w ith quadric surfaces. 
R easonable resp o n se  tim es were ex p e rien c ed , even in  i n t e r a c t iv e  s e s s io n s ,
where complex free-fo rm  parts were created.
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The re s u lts  of the double-quadratic p ro jec t have been presented and welcomed 
a t  s e v e ra l i n te r n a t io n a l  forum s. A ccording to  the  b e s t knowledge of th e  
a u th o r , in  e a r ly  1984 th e  s o lu t io n  chosen was unique compared to  o th e r  
m odelling  sy stem s, w hich a t ta c k  t h i s  s y n th e s is  problem of c o m p u ta tio n a l 
geometry.
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